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Preface 


You are now keeping in your hands this new book of elementary inequalities. ” Yet 
another book of inequalities?” We hear you asking, and you may be right. Speaking 
with the author’s words: 

”Myriads of inequalities and inequality techniques appear nowadays in books and 
contests. Trying to learn all of them by heart is hopeless and useless. Alternatively, this 
books objective is to help you understand how inequalities work and how you can set 
up your own techniques on the spot, not just remember the ones you already learned. 
To get such a pragmatic mastery of inequalities, you surely need a comprehensive 
knowledge of basic inequalities at first. The goal of the first part of the book (chapters 
{-8) is to lay down the foundations you will need in the second part (chapter 9), 
where solving problems will give you some practice. It is important to try and solve 
the problems by yourself as hard as you can, since only practice will develop your 
understanding, especially the problems in the second part. On that note, this books 
objective is not to present beautiful solutions to the problems, but to present such a 
variety of problems and techniques that will give you the best kind of practice.” 

It is true that there are very many books on inequalities and you have all the right 
to be bored and tired of them. But we tell you that this is not the case with this one. 
Just read the proof of Nesbitt’s Inequality in the very beginning of the material, and 
you will understand exactly what we mean. 

Now that you read it you should trust us that you will find in this book new 
and beautiful proofs for old inequalities and this alone can be a good reason to read 
it, or even just to take a quick look at it. You will find a first chapter dedicated to 
the classical inequalities: from AM-GM and Cauchy-Schwartz inequalities to the use 
of derivatives, to Chebyshev’s and rearrangements’ inequalities, you will find here 
the most important and beautiful stuff related to these classical topics. And then 


you have spectacular topics: you have symmetric inequalities, and inequalities with 
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convex functions and even a less known method of balancing coefficients. And the 
author would add 

” You may think they are too simple to have a serious review. However, I emphasize 
that this review is essential in any inequalities book. Why? Because they make at 
least half of what you need to know in the realm of inequalities. Furthermore, really 
understanding them at a deep level is not easy at all. Again, this is the goal of the 
first part of the book, and it is the foremost goal of this book.” 

Every topic is described through various and numerous examples taken from many 
sources, especially from math contests around the world, from recent contests and 
recent books, or from (more or less) specialized sites on the Internet, which makes the 
book very lively and interesting to read for those who are involved in such activities, 
students and teachers from all over the world. 

The author seems to be very interested in creating new inequalities: this may be 
seen in the whole presentation of the material, but mostly in the special chapter 2 
(dedicated to this topic), or, again, in the end of the book. Every step in every proof 
is explained in such a manner that it seems very natural to think of; this also comes 
from the author’s longing for a deep understanding of inequalities, longing that he 
passes on to the reader. Many exercises are left for those who are interested and, as a 
real professional solver, the author always advises us to try to find our own solution 
first, and only then read his one. 

We will finish this introduction with the words of the author: 

"Don’t let the problems overwhelm you, though they are quite impressive prob- 
lems, study applications of the first five basic inequalities mentioned above, plus the 
Abel formula, symmetric inequalities and the derivative method. Now relax with the 


AM-GM inequality - the foundational brick of inequalities.” 


Mircea Lascu, Marian Tetiva 
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Abbreviations 
IMO International Mathematical Olympiad 
TST Selection Test for IMO 
APMO Asian Pacific Mathematical Olympiad 
MO National Mathematical Olympiad 
MYM Mathematics and Youth Vietnamese Magazine 
VMEO The contest of the website www.diendantoanhoc.net 
LHS, RHS _ Left hand side, Right hand side 
W.L.O.G Without loss of generality 
Notations 
N The set of natural numbers 
N* The set of natural numbers except 0 
Z The set of integers 
Le The set of positive integers 
Q The set of rational numbers 
R The set of real numbers 
Rt The set of positive real numbers 
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Part I 


The basic Inequalities 


Chapter 1 


AM-GM Inequality 


1.1 AM-GM Inequality and Applications 


Theorem 1 (AM-GM inequality). For all positive real numbers aj, Q9,...,dn, the 
following inequality holds 


aj +aqgt+...4+4, SS eae 
2 YG 082...8n. 


n 
Equality occurs if and only if a, = ag =... =n. 
PROOF. The inequality is clearly true for n = 2. If it is true for nm numbers, it will be 


true for 2n numbers because 


a, + 094+ ...4 dan 2 71 /O109...0€, $7 ¥/On41E8n42---Aan > 2n 29/0109...dn, 


Thus the inequality is true for every number n that is an exponent of 2. Suppose that 


the inequality is true for n numbers. We then choose 


$ 
; $=a,+aqt+...4+Gp-1 ; 


an = 
n n-1’ 


According to the inductive hypothesis, we get 


s @109...0n—1° 8 
s+——>npfe et 2 s> (n—-1) Yaan..Gn-1- 
n—-1 ae | 


Therefore if the inequality is true for 7 numbers, it will be true for n — 1 numbers. 
By induction (Cauchy induction), the inequality is true for every natural number n. 


Equality occurs if and only if aj = ag =... = ap. 


V 


15 
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As a matter of fact, the AM-GM inequality is the most famous and wide-applied 
theorem. It is also indispensable in proving inequalities. Consider its strong applica- 


tions through the following famous inequalities. 


Proposition 1 (Nesbitt’s inequality). (a). Prove that for all non-negative real num- 


bers a,b,c, 
ie ee Ee eee 
b+te cta at+b7~2 
(b). Prove that for all non-negative real numbers a, b,c, d, 
a i b Cc d +2 
b+e ct+td dta a+b 
PROOF. (a). Consider the following expressions 
a b Cc 
S= 
hace ea a+b’ 
b c a 
M= ; 
pie ba ab 
=ahoe a i 5b 
~ b+ecta’ atb’ 
We have of course M + N = 3. According to AM-GM, we get 
at+tb b+c cta 
M+S =——~-4——— =o 
BS b+te cta abba! 
Ages ee ee. 
b+e cta a+b 
Therefore M+ N+42S > 3, and 2S > 3, or S> - 
(b). Consider the following expressions 
8 b c ad 
“bee cfd dta’ akb" 
aaa c % d as Qo 
~ bae esed da. wa * 
c d a b 
N= a se ee 
ce oh dae a 
We have M+ N = 4. According to AM-GM, we get 
+b b+te c+td d+a 
Mages PARAS Sa: 
b+e c+td deta atb =") 
ate b+d ate b4+d 
N+S= es 
b+e ee de a+b 
_ ate, ate, b+d, b+d 
b+e a+td c+d a+b 
. 4(a +c) 4(b+d) 
~a+b+c+d atb+ct+d ~’ 
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Therefore M+N4+2S > 8, and S > 2. The equality holds ifa = 6 =c=d or 
o=cba=d=—VUcraSe¢=0.b=d. 
V 


Proposition 2 (Weighted AM-GM inequality). Suppose that a1, a2, ...,an are positive 


real numbers. If n non-negative real numbers £1, %2,...,2n have sum 1 then 


a0 + 09% +... + Ann > ajtag?...az”. 


SOLUTION, The proof of this inequality is entirely similar to the one for the classical 
AM-GM inequality. However, in the case n = 2, we need a more detailed proof 
(because the inequality is posed for real exponents). We have to prove that if x,y > 
0, x+y =1 anda,b> 0 then 


ax + by > ab’. 


The most simple way to solve this one is to consider it for rational numbers z, y, 


m 
then take a limit. Certainly, if z,y are rational numbers : « = a and y = 


= (m,n € N), the problem is true according to AM-GM inequality 


m+n 


ma+nb > (m+ narra bata => ax t by > ad. 


If x,y are real numbers, there exist two sequences of rational numbers (rn)n>o0 and 


(Sn)n>o for which rn, > 2, Sn > Y, Tr + $n = 1. Certainly 
ar, + bs, > a'™b™ 


or 
ar, +b(1—r,) >a™b!-™. 


Taking the limit when n — +00, we have ax + by > a™b’. 
V 


The AM-GM inequality is very simple; however, it plays a major part in many in- 
equalities in Mathematics Contests. Some examples follow to help you get acquainted 


with this important inequality. 


Example 1.1.1. Let a,b,c be positive real numbers with sum 3. Prove that 


Jat vVb+ JVe>ab+be+ ca. 
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(Russia MO 2004) 
SOLUTION. Notice that 
2(ab + be + ca) = (a+b4c)?-a? +B 4c’. 


The inequality is then equivalent to 


Sia 4+25 > Va>9, 


cyc cyc 
which is true by AM-GM because 
Soa? +2) > Va=)> (0? + Vat Va) 23) a=9. 
cye cye cyce cyc 


V 


Example 1.1.2. Let x,y,z be positive real numbers such that xyz = 1. Prove that 


«3 y? z 


(1+y)(14 z) = (14+ z)(1+<2) - (14+2z)(1+y) 2 


> 3 
a 

(IMO Shortlist 1998) 
SOLUTION. We use AM-GM in the following form: 


x l+y 142. 32 
oe Se 
(1+ y)(1 + z) 8 8 


We conclude that 


- : 32 
Ga naey at 227 


eye 


2 1 3 
> 2 daaaeay aL Pr V2 


cyc 


The equality holds for z= y=z=1. 
V 


Example 1.1.3. Let a,b,c be positive real numbers. Prove that 


(1+) (a+) (i+ =) > a4 eee). 


(APMO 1998) 
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SOLUTION. Certainly, the problem follows the inequality 
x z_ et 
y 2 &/LYZ 
which is true by AM-GM because 


By ee) a EY a i ee 
go oe py Maye 25 aE x oy) Yeyz) frye) Yaxyz 
V 


Example 1.1.4. Let a,b,c,d be positive real numbers. Prove that 
16(abc + bed + cda + dab) < (a+b+c+4d)*. 
SOLUTION. Applying AM-GM for two numbers, we obtain 
16(abe + bed + cda + dab) = 16ab(c + d) + 16cd(a + b) 

< 4(a+b)?(e+ d) + 4(c+ d)*(a + b) 
=4(a+b+c+d)(at+b)(c+d) 
<(a+b+c+d)*. 

The equality holds fora = b=c=d. 

V 


Example 1.1.5. Suppose that a,b,c are three side-lengths of a triangle with perimeter 
3. Prove that - 
1 1 1 9 
Jarb=e Votera Vera) abtietar 
(Pham Kim Hung) 


SOLUTION. Let x = Vb +c—a,y = Vet+ta—b,z = Vat+b—c. We get x27 47? 42? = 


3. The inequality becomes 


Bigg bin Dy 36 
ey 2 G4 p2y2 4 y2z2 4 2242" 


Let m = xy, n = yz,p = zx. The inequality above is equivalent to 
(m+n+p)(m? +n? +p? + 9) > 36/mnp, 
which is obvious by AM-GM because 
m+n+p> 3e¥mnp , m? +n? +p? +9 > 12.6/mnp. 


V 
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Example 1.1.6. Let a1,d2,...,4n be positive real numbers such that a; € [0,1] for all 
i € {1,2,...,n}. Prove that 


2” a1(a; + ag)...(a] +2 +...+an) > (n+ 1)a?a3...02. 


(Phan Thanh Nam) 
SOLUTION. According to AM-GM, 
a; +aqt...+a,=1- (+) 4+2- (3) +..4+k- (=) 
> MO (anymter, (yr (ny stb 


Multiplying these results for every k € {1,2,...,n}, we obtain 


n n Rika k 5 
T]tortoa+ 00> TT (MTT (2) | 


- ena 


i=1 


in which each exponent c; is determined from 


a= 8 (Tot epee t~ tae) —2(G-agi) £2 


-\ Ci 2 
Because a; <i Vi € {1, 2,...,n}, (=) > (=) and 
i 


n'(n+1)! i\2 1 
a; (a1 + a9)...(a) +a9+...4+4,) > ra: {I (=) oy a Br See te 


The equality holds for aj =i Vi € {1,2,...,n}. 
Vv 


Example 1.1.7. Let a,b,c be positive real numbers. Prove that 


1 ] 1 l 
ee 
a3 + b3 + abc aoa abe. estas ioahe abc 


(USA MO 1998) 


IA 


SOLUTION. Notice that a3 + b? > ab(a + b), so 


abe g abc _ c 
a3 ++ ~ abla+b)t+abe atbt+e 
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Building up two similar inequalities and adding up all of them, we have the conclusion 


abe i abe i abe <1 
a+84+abe 4+ 84+abe c8 +a3+ abe — 


Comment. Here is a similar problem from IMO Shortlist 1996: 
% Consider three positive real numbers x,y,z whose product is 1. Prove that 


xy yz 2x 

Seti aes ee 

ci taeyty5 ge +yz4+25 Tahoe as = 
V 


Example 1.1.8. Prove that 2122...tn > (n—1)” if 21, £2,...,2n > O satisfy 
1 1 1 


ue Ae 
Pee Pea Te pee 
SOLUTION. The condition implies that 
1 Te oe ee 
ta Pag OO De eee 


Using AM-GM inequality for all terms on the left hand side, we obtain 
Ln = n—-l 
L+a¢_, 7 *%/0+21)04+ 22)... +2n-1) 


Constructing n such relations for each term 2X1, 29,..-,2%n—1;2%n and multiplying all 


their correlative sides, we get the desired result. 
V 


Example 1.1.9. Suppose that x,y,z are positive real numbers and x° + y° + 2° = 3. 
Prove that i 

ie y z 

pigs: 


SOLUTION. Notice that 
(x® + y® + 25)? =o! 4 aeby 4 yl 4 24525 4 210 4 2259 = 9, 
This form suggests the AM-GM inequality in the following form 
4 
10- = + 62°y° + 32!° > 192. 
y 
Setting up similar cyclic results and adding up all of them, we have 
100 
9 


4 4 4 ny 
10 (S +445) $3(08 44° +25)? > 19(2P +y' 42%). 
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It suffices to prove that 
gt fy 42 > x +y°42° 
which is obviously true because 
3419S 2 =) (141927) > 2050 2®. 
c 


cyc cy cyc 


V 


Example 1.1.10. Let a,b,c be positive real numbers such that abc = 1. Prove that 
a+b b+e cta 
— = 3. 
Vari Vox Vest 


SOLUTION. After applying AM-GM for the three terms on the left hand side expres- 


(Mathlinks Contest) 


sion, we only need to prove that 
(a+ b)(b+c)(c+a) > (a+ 1)(b+1)(c+1), 
or equivalent by (because abc = 1) 
ab(a 4+-b) + be(b+c)+ca(e+a) >atb+ct+ab+be+ aa. 
According to AM-GM, 


2LHS + So ab = S| (a7b +.07b + ac + ac + be) 2 5S a. 


cyc cyc cyc 
2LHS + Sa = S (076 + a*h+b?a+b?a+c) > 5S - ab. 
cyc cyc cyc 
Therefore 
4LHS + 2S ab+S a>55 ab+45 ab 
cyc cyc cyc cyc 
=> 4LHS > 4) a+4)° ab = 4RHS. 
cyc cyc 


This ends the proof. Equality holds fora =b=c=1. 
V 
Example 1.1.11. Let a,b,c be the side-lengths of a triangle. Prove that 


(a+ b—c)*(b+c—a)(c+a—b)* < arb'c&. 
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SOLUTION. Applying the weighted AM-GM inequality, we conclude that 


atdse/ fatb—e\* fb+e-a tetas b\" 
a b c 

1 ( atb—e 

ae*- 


~atb+e 


In other words, we have 


+5. Phere 4 9, Sten?) —1. 
a b c 


(a+b—c)*(b+e—a)(e+a—b)* < athe’, 
Equality holds if and only if a =b= ce. 


Vv 


2 


Example 1.1.12. Let a,b,c be non-negative real numbers with sum 2. Prove that 
a*b? + bc? + c*a? < 2. 
SOLUTION. We certainly have 
(ab + be + ca)(a? +b? +07) > S aX(b+e) = Sabla? +0’) > 25° 078’. 
eye cyc cye 


Applying AM-GM, and using a? + b? + c? + 2(ab + bc + ca) = 4, we deduce that 
2(ab + be+ ca)(a? +b? +07) <4 = (ab+ bet ca)(a? +b? +c?) < 2. 


This property leads to the desired result immediately. Equality holds for a = b = 
1,c = 0 up to permutation. 


Vv 


Example 1.1.13. Let a,b,c,d be positive real numbers. Prove that 


1 ii 1 ‘ 1 ah 1 s 4 
aztab b?+be ctt+ed = d*?+da~ actbd 


SOLUTION. Notice that 


ac+ bd _ atabtactbhd | _ a(a+c)+b(d+a) ape atc. b(d+a) 


oe Se — = =i 
a + ab a(a +b) a(a + b) a+b a(a+d) 


According to AM-GM inequality, we get that 


1 a+e b(d+a ate 
igedbd) (Sat) ~ (34) - (et a rer 


cyc 


o 


24 Chapter 1. The basic Inequalities — 


Moreover, 


ate 1 1 1 1 
— Acar ope Bacay 
Biren +o (5+ oy) + si (tas) 
. A4(a+c) A(b+d) 
~atb+e+d atb+c+d — 


Equality holds for a =b=c=d. 
V 
Example 1.1.14. Let a,b,c,d,e be non-negative real numbers such thata+b+e+ 
d+t+e=5. Prove that 
abe + bed + cde + dea + eab < 5. 


SOLUTION. Without loss of generality, we may assume that e = min(a,), c,d, e). 
According to AM-GM, we have 


abc + bed + cde + dea + eab = e(a + c)(b+ d) + bce(a +.d—e) 


2 2 
ce (terete) ~ (a 
2 3 
5—e)? (5—2e)3 
_ o(5= 6)? | (5=2e)® 


4 27 


It suffices to prove that 
5—e)? 5 —2e)3 


< 
4 ra <8 


which can be reduced to (e — 1)?(e + 8) > 0. 
V 


Example 1.1.15. Let a,b,c,d be positive real numbers. Prove that 


oe Ore re eee ae ote 9 . 16 
a boc dj ~a®  at+b?  at+h?+c% a? +b? 424d? 


(Pham Kim Hung) 
SOLUTION. We have to prove that 


eter Bear 4 ie 9 16 
Be ee ge? on 0b © a? +b? Oth +e th tere 
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By AM-GM, we have 


se ae 

ab ~ at +b?’ 

a. BD 8 8 

BoA mpscaly 5° > 

ne be ache CEP ae ; 

apr eeak e aeS ! 

b2 ce? ~ BA 4c? ~ B24? +0?’ 

a ae 18 16 

Een AN Ss te yes ee ie ee Fd 
dd bh ed = Gad — OP ee: 


Adding up these results, we get the conclusion immediately. 


Comment. 1. By a similar approach, we can prove the similar inequality for five 


numbers. To do this, one needs: 


2 2 2 2 
a?+b?+c?4d?+e? = (<? + =) + G + =) + ( + =) 7 G Ee =) > ad+bd+cd+ed. 


2. The proof above shows the stronger inequality: 


x 


Pig ue sa @ Le GLP ee error 


P= ie We ots BE Sof 12 18 
b ey ices 


3. I conjectured the following inequality 


% Let aj,a9,...,An be positive real numbers. Prove or disprove that 


(A+i+.42) 2 Ey ee a 
ae 24 a2 a? +az+...+a2 
Example 1.1.16. Determine the least M for which the inequality 
|ab(a? — b?) + be(b? — c”) + ca(c? —a?)| < M(a? +8? +07)? 
holds for all real numbers a,b and ec. 
(IMO 2006, A3) 


SOLUTION. Denote x = a—b,y = b-—c¢c,z =c—a and s=a+b+ec. Rewrite the 


inequality in the following form 
Q|say2z| < M(s? +2? + y? +27)? 


in which s,z,y,z are arbitrary real numbers with z+ y+2=0. 
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The fact that s is an independent variable suggests constructing a relationship between 
xyz and x2 + y? + z? at first. There are two numbers, say x and y, with the same 


sign. Assume that x,y > 0 (the case z,y < 0 is proved similarly). By AM-GM, we 


have : 
lexye| = |szy(o+)| < lo] EEX 

with equality for z= y. Lett = x+y. Applying AM-GM again, we get 

(2s? + 3¢2)4 


Qe a De a 


and therefore 
3 .\2 
4V/2|s|t? < G + 5) <(s? +22 +y? 4+ 2)? (2) 


Combining (1) and (2), we conclude 
1 
16/2 


9/2 9/2 


This implies that M > 39°" To show that M = 32 is the best constant, we 


|sxyz| < 


need to find (s,z,y, z), or in other words, (a,b,c), for which equality holds. A simple 


3 — 
5}: 


calculation gives (a,b,c) = | 1—- —5,1,1+4+ 


V2 
V 


The most important principle when we use AM-GM is to choose the suitable 
coefficients such that equality can happen. For instance, in example 1.1.2, using AM- 
GM inequality in the following form is a common mistake (because the equality can 


not hold) 
3 


Ee 
(l+y)(1 +2) 
It’s hard to give a fixed form of AM-GM for every problem. You depend on your 


Hy ly (el) 2 3e 


own intuition but it’s also helpful to look for the equality case. For example, in the 
above problem, guessing that the equality holds for x = y = z = 1, we will choose the 


coefficient 3 in order to make the terms equal 


38 oe 
x y+1 i z+1 2 So 
(l+y)(14+2) 8 8 — 4 
For problems where the equality holds for variables that are equal to each other, 


it seems quite easy to make couples before we use AM-GM. For non-symmetric 
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problems, this method sometimes requires a bit of flexibility (see agam examples 
1.1.13, 1.1.14 and 1.1.16). Sometimes you need to make a system of equations and solve 
it in order to find when equality holds (this method, called ” balancing coefficients” , 


will be discussed in part 6). 


1.2. The Cauchy Reverse Technique 


{nm the following section, we will connect AM-GM to a particular technique, called 
the Cauchy reverse technique. The unexpected simplicity but great effectiveness are 


special advantages of this technique. Warm up with the following example. 


Example 1.2.1. Let a,b,c be positive real numbers with sum 3. Prove that 
a nN b rf c 3 
1+6 14c? 14a? 72° 
(Bulgaria TST 2003) 


SOLUTION. In fact, it’s impossible to use AM-GM for the denominators because the 
sign will be reversed 
a b c a b c 


3 
ee he et a ee 
fie 1a 14eat ob Be 2a 2 


However, we can use the same application in another appearance 


a ab? ab? ab 
= >a-—=a 


ite °° Toe OF age 


The inequality becomes 


since 3 oe ab) < (s: a) = 9, 


This ends the proof. Equality holds fora =b=c=1. 
Comment. A similar method proves the following result 


* Suppose that a,b,c,d are four positive real numbers with sum 4. Prove that 


ee 4, b + c 
1462 14+c? 14d? 
V 


—_ > 
+igg = 


This solution seems to be magic: two apparently similar approachs of applying 


AM-GM bring about two different solutions; one is incorrect but one is correct. 
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So, where does this magic occur? Amazingly enough, it all comes from a simple 


representation of a fraction as a difference 


a ab? 
142° 148? 

With the minus sign before the new fraction sae , we can use AM-GM inequal- 
ity in the denominator 1+ b? freely but we get eee sign. This is the key feature 
of this impressive technique: you change a singular expression into a difference of two 
expressions, then estimate the second expression of this difference, which has a minus 


sign. 


Example 1.2.2. Suppose that a,b,c,d are four positive real numbers with sum 4. 


Prove that 
a b c 


d 
St a a 
fae” bined” (a * eee 22 
(Pham Kim Hung) 


o 


SOLUTION. According to AM-GM, we deduce that 


a abc abec _ aby/c 


Pe ame eA Lee Fee ge = 
+B ° T4be~*” Bye 9 2 


b/a-ac b(a + ac) 
a oe reco 


=a— 


According to this estimation, 


1 
rer 2 ag eebG ae 


cyc cyc 


By AM-GM inequality again, it’s easy to refer that 


diag : (Se) =4 ; Sates ie (Se) = 


cyc cyc eye cyc 
Therefore 
ee eee ee eee eee ee Te Se ee 
ieee ee Deen Pe 


V 


Example 1.2.3. Let a,b,c be positive real numbers. Prove that 


a3 b8 3 a3 at+tb+c4+d 
2 q+ 2 q+ 2 2 + 2 a ye oe 
a*+b bete etd d? 4+ a? 2 
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SOLUTION. We use the following estimation 


a? teas ab? ig SOE tis Be 
a2+ 52 a? + b2 — Qab o2 
Comment. Here is a similar result for four variables 
a4 b4 cA d‘ atbtetd 
Bits Bige S40p Bios. =a 
a’ +2b B42 c+ 2d d° + 2a 3 


Vv 


Example 1.2.4. Let a,b,c be positive real numbers with sum 3. Prove that 


~ B oe 
fe pce emcee Ce 
q40h “hi0a * chat — 


SOLUTION. We use the following estimation according to AM-GM 


a? 2ab? 2ab? 2(ab)?/3 
a oe See ee ag 
a+ 2b? a+ 2b? — 3 7ah4 3 


which implies that 


a? 2 2 
De en 
oye cyt 


cyt 


It:suffices to prove that 
(ab)?/? + (be)*/3 4 (ea)?/® <3, 
By AM-GM, we have the desired result ‘since 


3 me: > 2 a te 5 “ab i Sa +b4 ab) > 3°> (ab)? 


oye YC eye ‘cyc ‘cyc 


Comment. “The inequality is still true when we change the lhypothesis a + b+c¢= 3 
Ito ab ibe+ca.= § or-even yfa+wb+4/¢ = 8. (the second case is a bit more difficult). 
These problems are proposed to you; they will not Ibe solved here. 


vr 


Example 1-2.5, tet.c, b,c be positine real numbers with sum 8. Prove thet 


a? " ib? : Phat 
at obo b+ 2 § c+ 208 ~ 


SOLUTION. Using theisame technique as in example 1.2.4, we only need ito prove that 


bwae tevb? +.ave <3. 
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According to AM-GM,, we obtain 


Sa > Siat25-ab= 5 \(at+ac + ac) >3S ave, 


cyc cyc cyc cyc cyc 


and the desired result follows. Equality holds fora =b=c=1. 
V 


Example 1.2.6. Let a,b,c be positive real numbers which sum up to 3. Prove that 


a+l b+1 e+1 
—— > 3. 
b274+1 c?+1 at+17 


SOLUTION. We use the following estimation 


1 b2 1 
a+l1 _ 44 (a+1) 


b(a +1) ab +b 
per eta apr ea 


> = 
>atl Ob 5 


Summing up the similar results for a,b,c, we deduce that 
at+l 1 1 
Depa os Le 
cyc cyc cyc 
Comment. Here are some problems for four variables with the same appearance 
th Letia,b,c,d be four positive real numbers with sum 4. Prove that 


ott bel ett deo 
Pal’ Stl’ tl wai -* 


hk Let a,'bc,d be four positive real numbers with sum 4. Prove that 


ie ee oe 
yl” B+” eel ee 
Vv 


Fxamaple 1.2.7. Det-a,'b,c be positive meal numbers with sum 8. Prove that 
1 1 1 
ee ay ee | ee een | OF 
1+ 207 i 1} 2a t 1 + 2e25 i 
‘SOLUTION. We mse the following estimation 


ee ee 2b7e 9 OW Pc ae. 2(2b 4+ o 
L+ 2bc ~ 14 2b = 3.5 rn ’ 


W 
Example L..2.8, Letia,ib, c,d be non-negative meal numbers aith sum 4. Prove that 


i+ ab 1 +.be 1 +.cd il + ela 


1+Re Tee Tea tip = 
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(Pham Kim Hung) 


SOLUTION. Applying AM-GM,, we have 


(1 + ab)b?c? 
1 + bc? 


1+ ab gh 


1 
= > ae 
Taba =1+ab 5 ( + ab)be 


Summing up similar results, we get 
1+ab 1 1 9 
LiFee ree a ae ga tab) = 4+ 5 (sy=5- my : 


It remains to prove that 
ab + be + cd + da > ab*c + be*’d + cd?a + dab. 
Applying the familiar result ry + yz + zt+ tr < +(e +y+z+t)’, we refer that 
(ab + be + cd + da)? > 4(ab*c + be?d + cd?a + da*b); 


16 = (a+b+c+d)? > 4(ab+ be + cd +da). 


Multiplying the above inequalities, we get the desired result. The equality holds for 
a=b=c=d=1ora=c=0 (b,d arbitrary) or b=d=0 (a,c arbitrary). 


V 


Example 1.2.9. Let a,b,c be positive real numbers satisfying a? +b* +c* =3. Prove 


that 
1 1 1 


——— + ——_—_ > 1. 
Eo BaD. 


CO+2 7 
(Pham Kim Hung) 


SOLUTION. According to AM-GM, we obtain 


Sa atte 
e422 2 2 a3+141 
cyc cyc 

3 
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Chapter 2 


Cauchy-Schwarz and Holder 


inequalities 


2.1 Cauchy-Schwarz inequality and Applications 


Theorem 2 (Cauchy-Schwarz inequality). Let (a1,a9,...,dn) and (bj, be,...,bn) be 


two sequences of real numbers. We have 
(a? +02 +... +.02)(b2 + b2 +... +62) > (arb, + agbe +... + ondn)?. 


The equality holds if and only if (a1, a2,...,@n) and (b1, be,...,b,) are proportional 
(there is a real number k for which a; = kb; for alli € {1,2,...,n}). 


PROOF. I will give popular solutions to this theorem. 


First solution. (using quadratic form) Consider the following function 
f(x) = (a,x — by)? + (agx — be)? +... + (ane — bn)? 
which is rewritten as 
f(z) = (a2 +03 4+... +.a2)x? — 2(a,b1 + agbg +... tanbn)z + (b? +03 +... +02). 
Since f(x) > 0 Vz € R, we must have A; < 0 or 
(a? +02 +... +07)(b? + 62 +... +02) > (aib1 + agbo +... + nbn)’. 


The equality holds if the equation f(x) = 0 has at least one root, or in other words 


(a1, @9,...,@n) and (bj, be,...,b,) are proportional. 


a 33 
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Second solution. (using an identity) The following identity is called Cauchy- 
Schwarz expansion. It helps prove Cauchy-Schwarz inequality immediately 


(a? +03 +... +.02)(b? +03 +... +62) — (ab; +a9b2 +... tanbn)® = 5 > (aid — abi)”. 
i,j=l 

Third solution. (using AM-GM_) This proof is used to prove Hélder inequality as 

well. Notice that, according to AM-GM inequality, we have 


a? b2 
a ec 
at +az+...t02 ° b?4+84...402 
2|azd;| 


J(a? +08 +... Fa2)(b? +62 +... +02) 


Let 7 run from 1 to n and sum up all of these estimations. We get the conclusion. 


2 


V 


Which is basic inequality? The common answer is AM-GM. But what is the most 
original of the basic inequalities? I incline to answer Cauchy-Schwarz inequality. 
Why? Because Cauchy-Schwartz is so effective in proving symmetric inequalities, 
especially inequalities in three variables. It often provides pretty solutions as well. 


The following corollaries can contribute to the many applications it has. 


Corollary 1. (Schwarz inequality). For any two sequences of real numbers 
(a1,09,...,@n) and (61, bo,...,6n), (bj > O Vi € {1,2,...,n}), we have 


a2 a8 2 a wt On)* 
Org Oa gs a Orage MS Gag + an) 
by bo bn by +o +... + bd, 


SOLUTION. This result is directly obtained from Cauchy-Schwarz. 
V 


Corollary 2. For every two sequences of real numbers (a),q2,...,@n) and 


(b1, ba, ...,bn), we always have 


y/a2 + BF + 4/03 +b24+...4 a2 +02 > (a +... - an)? + (bd) +... On) 


PRooF. By a simple induction, it suffices to prove the problem in the case n = 2. In 


this case, the inequality becomes 


4/0? +b? + 4/03 + b3 > V (a1 + ag)? + (b1 + bo), 
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Squaring and reducing similar term, it simply becomes Cauchy-Schwarz 
(a? + a3)(b? + b3) > (ayb, + aab)?. 
Certainly, the equality occurs iff (a),@2,...,@n,) and (b1,9,...,b,) are proportional. 
V 
Corollary 3. For any sequence of real numbers aj, a2,...,@n we have 
(a7: hao ha, <nlal es +6 G?), 
ProoFr. Use Cauchy-Schwarz for the following sequences of n terms 
(Oy Ooia Ga) (ip lgaeg ly, 


a 


If applying AM-GM inequality is reduced to gathering equal terms, (in the 
analysis of the equality case) the Cauchy-Schwarz inequality is somewhat more 
flexible and generous. The following problems are essential and necessary because 
they include a lot of different ways of applying Cauchy-Schwarz accurately and 
effectively. 


Example 2.1.1. Let a,b,c be non-negative real numbers. Prove that 


a? — be b? — ca c? —ab 
are rae ae 2 a +52 2 4b > 0. 
2a* + b% +¢ 2b2 +c% +a 2c* +a% +b 
(Pham Kim Hung) 


SOLUTION. The inequality is equivalent to 
2 
> _ (a+b) 23. 
a? + b? + 2c? 
eye 
According to Cauchy-Schwarz inequality, we have 


(a+b)? a? n b? 
a2 +b242c2 — a®+c%  b? +2" 


That concludes 


(a+b)? a? b? 
a, — SS 8 
See oer Sarat Lae 


cyc cyc 


Equality holds for a = b = c and a = b,c = 0 or its permutations. 


V 
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| ae reas | 
Example 2.1.2. Suppose that x,y,z >1 and = + " + a 2. Prove that 


Vetyt+2> Ve-1l+vJy—-lt+v2z-1. 
(Iran MO 1998) 


SOLUTION. By hypothesis, we obtain 


x—1 —-1 2z-1 
ae 


x y z 


According to Cauchy-Schwarz, we have 


Ee) Es) E). 


eye cyc cyc cyc 


which implies 


Vety+2> VvV2x-14+/y—-—1l4+v2z2-1. 
V 


Example 2.1.3. Let a,b,c be positive real numbers. Prove that 


a3 b3 3 
a a a eG 
Seabee ate eae 


(Nguyen Van Thach) 


b Cc a 
SOLUTION. Let x = -—,y = 5 and z= = Then we have 
a 


ae _ 1 a 1 - YZ 
a+B8+abe 1t23+2  1l4+a84an2z 0 yzta? +22 


By Cauchy-Schwarz inequality, we deduce that 


se yz ee (zy + yz + 22)? 
y2+u2+az ~ yz(yz+2? + xy) + 22(22 + y? + yz) + cy(zy +22 + zy) 


cyc 


So it suffices to prove that 


(zy + yz+22)? > oS y2z(yz + x? + xz) & oe xy? > >. xyz, 


cyc cyc cyc 


which is obvious. Equality holds for z = y = z ora =b=c. 


V 
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Example 2.1.4. Let a,b,c be three arbitrary real numbers. Denote 


2= Vb* —be+c2?, y= VP — cata’, z= Va? —ab+b?. 
Prove that 
xy + yz+ 22 > a? +b% 4 c?. 
(Nguyen Anh Tuan, VMEO 2006) 


SOLUTION. Rewrite x,y in the following forms 


EO 


According to Cauchy-Schwarz inequality, we conclude 


3c? 


ry 2 mn 


+ (2b —c)(2a—c), 
which implies 


So zy > =ye + + i (2b = (2a ~ 0 = oe 


cyc cyc cyc cyc 


Comment. By the same approach, we can prove the following similar result 
% Let a,b,c be three arbitrary real numbers. Denote 
a= Ve +be4+e, y= V+ cata’, z= Va? +ab402. 
Prove that | 
ry +yz +20 > (atb+c). 
V 


Example 2.1.5. Let a,b,c,d be non-negative real numbers. Prove that 


a b c d 4 
a ee ee ce, ere eg, ee 
Pao? PEepe wpe ee Fle Ee —atb+te+d 

7 (Pham Kim Hung) 


SOLUTION. According to Cauchy-Schwarz, we have 


a b c d 
Se ee er 100 eee ee ore b d 
(apace tayeae wae tarere) e+ now 


2 
at b? cA d? 
Sil ene ae ene eae eve eee 
= Poeaet aed * Pye ye a2 + b2 + c? 


38 Chapter 2. The basic Inequalities — 


a? 9 
ee 
2 b? + Cc os d2 => 
cyc 
According to AM-GM 


ye dey i +d? ee 
$5 Pe ae 


It remains to prove that 


a? a2 2a? 


We can conclude that 


/ a? 2a" 
ee es ——_____"__-__ — 9 
2 Ppayd = Lapeer e 


which is exactly the desired result, Equality holds if two of four numbers (a, b, c, d) 
are equal and the other ones are equal to O (for example, (a,b, c,d) = (k, k,0,0)). 


Comment. Here is the genera] problem solvable by the same method. 


*% Let a1, 09,...,a, be non-negative real numbers. Prove that 
a1 a9 a2 4 


a 
ag+.+a2 a? +a2+...4 02 a+... f07_, ~ a, +agt...+¢n 
V 


Example 2.1.6. Prove that for all positive real numbers a, b, c,d, e, f, we alwyas have 


stn te Us face ht Mag 2 — 
b+e c+d dt+e e+f fta atb7~ — 


(Nesbitt’s inequality in six variables) 


SOLUTION. According to Cauchy-Schwarz inequality 


Se = are (a+b+ctdtet+f)? 
b+e abtac= ab+bc+cd+de+ef+fatact+ce+ea+tbd+df+fb 
Denote the denominator of the right fraction above by S. Certainly, 
S=(atb+e+d+e+t f)? —(a+d)? —(b+e)— (c+ f)?. 
Applying Cauchy-Schwarz inequality again, we get 
(1+1+1) [(a+d)?+(b+e)? Her I) 2 (atb+c+d+etf)’. 
Thus 2S < =(a +b+c+d+e+ f)?, which implies the desired result. 


V 
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Example 2.1.7. Two real sequences (a1, 09,...,@n) and (b1,bo,...,bn) satisfy 
at t+az+..402 = 4 B+... 402 =1. 
Prove the following inequality 
(a1ba — agb1)? < 2laibi + aabe +... + anbn — 1]. 
(Korea MO 2002) 


b? = 1 yields 
1 


n 
SOLUTION. By Cauchy-Schwarz, the condition )~ a? = 


n 
1=1 i= 


1 > ayb, + agbo 4+... +anb, > —1. 


According to the expansion of the Cauchy-Schwarz inequality, we have 


(a? ves +a2)(b? eet b?) _ (arb; eee pasa)" = > (a,b; _- a,b;)? > (ayb9 os agb,)? 


i,j=1 


or equivalently 


( = > ot ( + Sa 2 (azbe et agb,)*. 
a=] 


i=1 


That conchides 
2|a1b1 + agbg +... + Gnbdn — 1| > (a,b2 —- agb,)?. 
Vv 


Example 2.1.8. Suppose a,b,c are positive real numbers with sum 3. Prove that 
at Ve +24 Vb+Ve2 +024 Vet Va? +b? > 3y/ V2 +1. 
(Phan Hong Son) 


SOLUTION. We rewrite the inequality in the following form (after squaring both sides) 


SVR +e +25> (a+ vb? +2) (6+ Ve +a?) > 9V2+6. 


cyc cyc 


According to Cauchy-Schwarz inequality, we have 


(a+ VP +e) (b+ Ve +a) = o (a+ = (o+ <2 ) 
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==> ((v2-1)a+3) (v2—-1)b +3) 


> > ((v2-1) vb +3) =(1-%) Dvds 


cyc cyc 
It remains to prove that 
S° Va? +b? + (2- v2) S- Vab > 6. 
cyc cyc 


This last inequality can be obtained directly from the following result for all x,y > 0 
ra tyt4t (2- v2) ry >a? +y’. 
Indeed, the above inequality is equivalent to : 
gityi> Gy vr eee (2- v2) ny) € 2(2— V2)ary(xz —y)? > 0 
which is obviously true. Equality holds for a = b= c= 1. 
V 


Example 2.1.9. Suppose a,b,c are positive real numbers such that abc = 1. Prove 


the following inequality 


1 1 1 
a eee ee eens I 
Gael pees ° Quen 


SOLUTION. By hypothesis, there exist three positive real numbers 2, y, z for which 


yz oe ry 
= SS —. (C= 
pe? y2’ m) 


The inequality can be rewritten to 


4 
ue 7] 7] 
According to Cauchy-Schwarz, we have 
(ete? 


TS Ses, 
tA + yt + 24+ zy2(e ty +z) + 22y? + y2z? + 229? 


It suffices to prove that 


(a? +y? +27)? dat tyt + 244 ay2(aty tz) + 2°y? + y?2? + 222? 
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which is equivalent 
ye > yz) x eS ye —y)?>0. 
cyc cyc cyc 


Equality holds for x = y = z, ora=b=c=1. 
V 


Example 2.1.10. Let a,b,c be the side-lengths of a triangle. Prove that 


EE ee eee 
B8a—b+te 3b-—ce+ta 3c-—a+tb— 


(Samin Riasa) 


SOLUTION. By Cauchy-Schwarz, we have 


a 4a 
4 ee eee a 
aera ne doa Gee 
cyc cyc 


at+tb-e 
3D Gebes 
(a+b+e)? 
Yi (a+b—c)(3a—b+c) 


cyc 


>34 


“= 4, 


Equality holds for a = b =e. 
V 


Example 2.1.11. Let a,b,c be positive real numbers such thata <b<canda+b+ 
c= 3. Prove that 


V 3a? +1 + V/5a? + 3b? +14 V 7a? + 5b? 4+3c27+41< 9. 
(Pham Kim Hung) 


SOLUTION. According to Cauchy-Schwarz, we have 


2 
(30? +14 V50? + 30? +1 + Ta? + 508 + 3c? +1) = 
=-(] : - /6(3a? + 1) eee - /4(5a? + 3b? + 1) + as / 3(7a? + 5b? + 3c? + D) 
v6 Vi v3 


S (g+ats) [6(3a? + 1) + 4(5a? + 3b? + 1) + 3(7a? + 5b? + 3c? + 1)]. 
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It remains to prove that 


59a? 4+ 27b7 + 97 < 95. 
Notice that a <b < c, so we have 
ab + be +.ca > 2ab+b? > 2a? + b? 


or 


5a? + 30? +02 < (atbt+c)? =9 = 59a? + 27b? + 9c? < 95, 


since a < 1. Equality holds for a= b= ce. 
Vv 


Example 2.1.12. Let a,b,c be positive real numbers with sum 1. Prove that 


lta 1+6b l+¢ _ 2a 2b = 2e 
tea bee Leb an 


(Japan TST 2004) 


SOLUTION. Rewrite this inequality in the form 


3 a a a a 3 ac 3 
= ee ee — Se ee 
ie pig)25° baa 2 


cyc cyc 


According to Cauchy-Schwarz, 


> ac (ab + be + ca)? 58 


ac 
25645) = abc(a +c) ~ Qabe(a +b +0) ~ 2 


cye 
Equality holds if and only if @ =6= ce. 
V 
Example 2.1.13. (2). Prove that for all non-negative real numbers 2x, y, z 
6(a + y — z)(x? +y? +27) + 2Tayz < 10(2? + y? 4 z7)9/, 
(iz). Prove that for all real numbers x,y,z then 
6(a+ y + z)(x2? + y? + 27) < Wayz + 10(x? + y? 4+ 27)8/?, 


(Tran Nam Dung) 
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SOLUTION. (i). For this part, it’s necessary to be aware of the fact that the equality 
holds for z = y = 2z up to permutation. This suggests using orientated estimations. 
Indeed, by Cauchy-Schwarz, we deduce that 
10(x? + y? + 27)8/? ~ 6(a + y — z)(x? + y? +27) 
= (2? +y? + 2?) (10V2? +y2?422-6(a@ty- 2)) 
2,,2, ,2, [10 Dt) 2. 5292 2 OF 12 
= (x* + y* + 2°) = (x? + y? + 27)(22 + 2? 4+ 17) —6(a@ + y — z) 


eet oy +2) ets +y-2)) 

_ 10(x? + y* +27) (22 + 2y + 282) 

= ; d 

Then, according to the weighted AM-GM inequality, we deduce that 


> y+ 2) ( 


Peyptataa Sea E fee a. ove 
Qa + 2y + 282 = 20 + Qy +7 - Az > 98/(2x)(2y) (42)? > 9/48xy2", 
Therefore 
10(x? + y? + 2°)8? — 6(2@ + y — 2)(2* + y? +2”) > 2Tayz. 


(ii). The problem is obvious if z = y = z = 0. Otherwise, we may assume that 
x2? +y? + 2? = 9 without loss of generality (if you don’t know how to normalize an 


inequality yet, yake a peak at page 120). The problem becomes 
2a +y+2) < xyz 4 10. 
Suppose |:r| < |y| < |z|. According to Cauchy-Schwarz, we get 
[2(a + y + 2) ~ xyz]? = [(2(e+-y) + (2— 2y)2]? 
< (e+ y)? +27) (2° + (2-29) 
= (9 + 2ay)(8 — 4ry + xy”) 
= 72 — ay + x7y? + 2x3 y 
= 100 + (zy + 2)*(zy — 7). 
Because |z| < |y| < |z|, 22 >3 = 2ey < ety? <6 say—7 <0. This yields 
(2(2 + y +2) — yz)? < 100 => A%aetytz) < 104 zyz. 
Equality holds for (z, y, z) = (—k, 2k, 2k) (Vk € R) up to permutation. 


V 
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Example 2.1.14. Let a,b, c,d be four positive real numbers such that r4 = abed > 1. 
Prove the following inequality 


ab+1 ge 
a+1 b+1 


cd+1 dat eA) 
c4+1 d+1~— 1+4+r 


(Vasile Cirtoaje, Crux) 


SOLUTION. The hypothesis implies the existence of four positive real numbers 2, y, z,t 
such that 


T T2 rt 
a=, b=", c=", 

£ y z t 
The inequality is therefore rewritten in the following form 


poe 


r?z 

F241 4(r?41) rez+a._ 4(r? 41) 

z pee ae, Eee ee ED 
day 2 r+1 ae a 


cyc 


ae ryta” r+l1 
2 
We need to prove that A+ (r? —1)B > . where 
r 
s-DSt eS 
om ryta’ ee ryt+a 


By AM-GM, we have of course 


4r Sy + 8(2z + yt) = Ace —1)\(2+z)(y+ 2) +4 le +z)(y +t) +2(2z+ Hs) 


<(r—1) (Zz) +2(S2) =e (==) 


cyc cyc 


According to Cauchy-Schwarz, with the notice that r > 1, we conclude 


1 1 1 1 
a e+2)( tag) tw +8 (Sats) 
4(x + z) 4(y +t) 
~ a2+2+rytrt ytt+retrz 
A(c+yt+2z+t) S362 
(x+z)? + (y+t)? + 2r(z4z)(yt+t) ~r41’ 


(e+tytz+t)? 
~ 2(ryt+a)+t(rz+y)+2(rt+z)4+ y(rz+t) 
= (ety+z+4t)? 4 


as 
r(zy + yz + 2t4+ tr) + 2(az+yt) ~ r+? 
and the conclusion follows. Equality holds fora =b=c=d=r. 


V 
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Example 2.1.15. Let a,b,c be non-negative real numbers. Prove that 
a’ b? ce 1 
Lola  Raople: Save os 
a? +2(a+b)? b?4+2(b+c)?  c#+2(ce+a) 3 
(Pham Kim Hung) 


b c a 
SOLUTION. We denote z = p= pe - The problem becomes 


1 1 
ire ers, fae 


cyc 


Because xyz = 1, there exist three positive real numbers m,n, p such that 


6 


ik 


cyc 


1 
>=. 
3 
According to Cauchy-Schwarz, we deduce that 


TO ae Ss oe, 2, 
— m4 + n4 + pt + 2(m?2 + np)? + 2(n? + mp)? + 2(p? + mn)? 


Since we have 


2 
3 (som) —Som-253 0? + np)? =) > m?(n-~p)? > 0, 


cyc cyc cyc cyc 


the proof is finished. Equality holds for a = b= ce. 
V 


Example 2.1.16. Let a,b,c be non-negative real numbers. Prove that 


a fe b i c 4 1 ik a it ) 
B+e2 ° aF+e  a24+b? ~5\b+e cta atb/- 
(Pham Kim Hung) 


SOLUTION. Applying Cauchy-Schwarz, we obtain 
(= ve] (Soa i: “) >(atb+e). 
cyc cyc 
It remains to prove that 


a? +b? + c + 3(ab t+ be + ca) 
ab(a + b) + be(b +c) + ca(e+ a) + 2abe’ 


(a+ 6+ c)? 


sae Se As See 
ab(a + b) + be(b+c) + ca(e+a) ~ 5 
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Let S = Yo a?, P= Dab and Q = ¥ ab(a +b). The above inequality becomes 


cyc cyc cyc 


5(S +2P) . 4(S + 3P) 


Q = "OQ + 2abe = SQ+10abcS + 20abeP > 2PQ. 


Clearly, we have 


PQ = 5° 07b?(a + b) + 2abe(S + P), 


sym 
SQ > 5_ abla + b)(a? +6”) > 25° a7b?(a +b). 
sym sym 


This finishes the prof. Equality holds for a = b,c = 0 up to permutations. 
V 


Like with the AM-GM inequality, there is no fixed way of applying the Cauchy- 
Schwarz inequality. It depends on the kind of problem and on how flexible you are 
in using this inequality. A consistent application of Cauchy-Schwarz, the Holder 
inequality is, in fact, a typical extension. Although Holder is somehow neglected 
in the world of inequalities, almost disregarded in comparison with AM-GM or 
Cauchy-Schwarz, this book will emphasize this inequality’s importance. I place 
Hélder inequality in a subsection of the Cauchy-Schwarz inequality because it is 
a natural generalization of cauchy-Schwarz and its application is not so different 


than Cauchy-Schwarz inequality’s application. 


2.2 Holder Inequality 


Theorem 3 (Holder inequality). For m sequences of positive real numbers 


(21,1, @1,2, aep@in i (2,1, 02,2, teeny a2,n), ae (Qm,15 m2; wehey Qmn); we have 


Equality occurs if and only if these m sequences are pairwise proportional. Cauchy- 


Schwarz inequality is a direct corollary of Hélder inequality for m = 2. 


Corollary 1. Let a,b,c,x,y,z,t,u,v be positive real numbers. We always have 


(a +B + c*)(23 + y? + 23)(¢8 + u8 + v3) > (act + byu + c2v)3. 
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PRooF. This is a direct corollary of Hélder inequality for m = n = 3. I choose this 
particular case of Hélder for a detailed proof because it exemplifies the proof of the 


general Holder inequality. 


According to AM-GM, we deduce that 
3 


a x m 
pp Diora par ames) oases 
cyc cyc cyc 


> > 3azm 
= o/(a3 + 68 + c3)(x3 + y8 + 23)(m3 + 8 + ps) 


cyc 


That means 
arm + byn + czp < (a8 + BF + 3) (x3 + y? + 23)(m3 + n3 + p3). 
V 


Corollary 2. Let a,,Q9,...,@n be positive real numbers. Prove that 


(1 + a1)(1 +49)...(1 +@n) > (14 %ajapna,)”. 


PrRooF. Applying AM-GM,, we have 


1 1 1 n 
oe ++ ao 
l+a, l1+4a. 1+a@n ~ Y(1+a1)(1 +a2)...(1 + Gn) 


ay i ag fs 4 an > N V/A 1Q9...An 
lta; lta, ~~ lta, ~ Y(1+a,)(1 4a9)....1+ an) 


These two inequalities, added up, give the desired result. 
V 


Why do we sometimes neglect Holder inequality? Despite its strong application, 
its sophisticated expression (with m sequences, each of which has n terms), makes it 
confusing the first time we try using it. If you are still hesitating, the book will try 
to convince you that Holder is really effective and easy to use. Don’t be afraid of 
familiarize yourself with it! Generally, a lot of difficult problems turn into very simple 


ones just after a deft application of Hélder inequality. 


Example 2.2.1. Let a,b,c be positive real numbers. Prove that 


a b c 
ae 
JVa2+8be Vb?4+8ac Ve*24+8ab 
(IMO 2001, A2) 
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SOLUTION. Applying Hélder inequality for three sequences, each of which has three 
terms (actually, that’s corollary 1), we deduce that 


a q 2 3 
——— —————— a(a* + 8be) | > (a+b+ec). 
ie Vaz + =| (x: Vaz + =| 6 ( ) ( ) 
So it suffices to prove that 
(atb+c)? > S- ala? + 8bce) 
cyc 
or equivalently 
c(a — b)? +. a(b—c)? + b(c—a)? > 0. 
V 


Example 2.2.2. Let a,b,c be positive real numbers such that abc = 1. Prove that 


a b c 


+ = + ——— 21, 
Vitbte Viteta Vitatb~ 


a b c 
———— $f 
V74+b2+c2 V74+e+a2 V74+07452 — 
With the same condition, determine if the following inequality is true or false. 


a b c 
Sa ee 
V74+B 40% V74+EG40% V74+084b8 — 
(Pham Kim Hung) 


SOLUTION. For the first one, apply Holder inequality in the following form 


(Sas) (“ar) (Ter +049] > (a+b+c)3 


cyc cyc 
It’s enough to prove that 
(a+tb+c)® > 7(a+b4+c)+2(ab+ be+ ca). 
Because a+b +e > 3Vabe = 3, 


2 
(atb+cP>Tatbte)+z(atb+c) > Tla+bte) + 2(abt be+ ca). 


For the second one, apply Hélder inequality in the following form 


(Ears) (Eseee) (Herve ta) sere 


cyc 
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On the other hand 


bad 


SS a(7 +b +c’) =T(a+b+c)+(a+b+c)(ab+ be+ ca) — 3abe 


cyc 
1 
STat+bte)+za@tbte)-3< (a+b4+c)?. 
Equality holds for a = b = c = 1 for both parts. 


The third one is not true. Indeed, we only need to choose a — 0 and b = c > +00, or 
namely, a = 1074,b = c= 100. 
V 


Example 2.2.3. Leta, b,c be positive real numbers. Prove that for all natural numbers 
k, (k = 1), the following inequality holds 
gktl = pk+l k+l ak bk 
ete to ge 2 pee + ci T ge 


SOLUTION. According to Holder inequality, we deduce that 


bk ck 


It suffices to prove that 


gktl pet) gkt1\ Fo} a be oe X* 
+ a aE (a+b+c)> Ral ea ged . 


ak bk 


& 
pet pee * ee ee 


which follows from Holder inequality 


ak Be rea ; =e ; k 
BRZD oh pBot Akad (b+ c+a) > (a+ +c)". 


Equality holds for a = b = ce. Notice that this problem is still true for every rational 
number k (k > 1), and therefore it’s still true for every real number k (k > 1). 


V 
Example 2.2.4. Let a,b,c be positive real numbers. Prove that 
(a® ~ a? + 3)(b> —B? +. 8)(P —2 +3) > (atb+c)?. 
(Titu Andreescu, USA MO 2002) 


SOLUTION. According to Hélder inequality, we conclude that 


[][(e5 - 0? +3) =]] (8 +24 8 -1)@?-1)) > [[@+2) 


= (a2 $141)(114+8941)114+14 4) > (+540). 
V 
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Example 2.2.5. Suppose a,b,c are three positive real numbers verifying ab+be+ca = 
3. Prove that 
(1+ a7)(14+ B’)(1+¢’) > 8. 


(Michael Rozenberg) 
SOLUTION. The inequality is directly obtained from Holder inequality 
(PP +07 +P 41)(P +e +b? +1)(a? +02? +c +1) > (1+ ab+be+ ca). 


V 


> 


Example 2.2.6. Let a,b,c be positive real numbers which sum up to 1. Prove that 


a b c 
Se et ee 
Va + 2b * Vb+2e We+2a~ 
(Pham Kim Hung) 


SOLUTION. This inequality is directly obtained from by H6lder inequality 


(vets) (Evers) (Z vera) (Leer) 2 (= 


cyc 
because 


S| (a+ 2b) = (atb+e)? =1. 


cyc 


V 
Example 2.2.7. Let a,b,c be positive real numbers. Prove that 
a®(b+c)+b*(c+a)+c?(a+b) > (ab+ be + ca) /(a + b)(b+ c)(c +a). 
(Pham Kim Hung) 
SOLUTION. Notice that the following expressions are equal to each other 
a®(b+c)+b(c+a)+ (at bd), 
b*(c+a)4+c?(at+b)+a%(b+0), 
ab(a + b) + be(b + c) + ca(c +a). 
According to Holder inequality, we get that 


(mee+9) » (SeverHeTaers) 


cyc cyc 


which is exactly the desired result. Equality holds for a = b= ce. 


V 
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Example 2.2.8. Let a,b,c,d be positive real numbers such that abed = 1. Prove that 


1 4 
a8(at +1) + (4 +:1)(d4 +1) > (otbterdtt4t+t42) 


(Gabriel Dospinescu) 


SOLUTION. By Holder inequality, we get that 


4 4 4 4 4 1 : 
(a4 + 1)(1 + B*)(14+ 4)(1 +d") > (a + bed) =(«+2) 


=> V(a4+1)(b44+1)(c4 +1)(d4 +1) >at- 


1 
4x/(a4 + 1)(b4 + 1)(c4 + 1)(d4 > -. 
=> 44/(at + 1)(b4 + 1)(4 + 1)( 2 Oe, 
Equality holds fora =b=c=d=1. 


V 
Example 2.2.9, Let a,b,c be positive real numbers. Prove that 
(a? + ab + b?)(b? + be + ¢”)(c? + ca +a”) > (ab + be + ca)?. 
SOLUTION. Applying Hélder inequality, we obtain 
(a? + ab + b?)(b? + be + c*)(c? +. ca +07) 
= (ab +a? +b?)(a? +. ac + 7)(b? +c? + be) > (ab+ act be)?. 
V 


If an inequality can be solved by Hélder inequality, it can be solved by AM-GM 
inequality, too. Why? Because the proof of Hélder inequality only uses AM-GM. 


For instance, in example 2.2.1, we can use AM-GM directly in the following way 


Let M =a+6+e. According to AM-GM, we have 
a 4, a i a(b? + 8ac) 3a 
Vb24+8ac Vb?4+8ac (atb+c)? ~atbte 
Our work on the LHS is to build up two other similar inequalities then sum up all 


of them. 


But what is the difference between AM-GM and Cauchy-Schwarz and Holder? 
Although both Cauchy-Schwarz inequality and Hélder inequality can be proved 
by AM-GM, they have a great advantage in application. They make a long and com- 
plicate solution through AM-GM, shorter and more intuitive. Let’s see the following 


example to clarify this advantage. 
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Example 2.2.10. Suppose that a,b,c are positive real numbers satisfying the condi- 
tion 3 max(a?,b?,c*) < 2(a? +b? + ¢*). Prove that 
a b c 
oo ea ge ae 
V 2b? + 2c? — a? : V2c2 +202 —b? = 2a? + 2b? — c? 
SOLUTION. By Hélder, we deduce that 


a a 
— ee 2b? +22 — a?) | > (atbte)%. 
(> a (= woes (soa ae ) 2 (a ‘) 


It remains to prove that 
(atb+c)?>3 S © a(2b? + 2c? — a?). 
cyc 


Rewrite this one in the following form 


3 (ose [e-o+0) +2 (Spo? ~ aut > 0, 


cyc cyc 
which is obvious (for a quick proof that the first term is bigger than 0, replace a—b+e = 
a, etc). Equality holds fora =b=e. 
V 


How can this problem be solved by AM-GM? Of course, it is a bit more difficult. 
Let’s see that 
3/3a(2b? + 2c? — a? 
3 a “ y- a i 3 V3a( : a )s 
Vertie—a 4 fe pia 2 (atb+e) 


cyc 


/3a 
>3 ————— = 3. 
= rrr 


cyc 
To use AM-GM now, we must be aware of multiplying 3/3 to the fraction 
a(2b* + 2c? — a?) 


(a+b+c)§ 
in order to have 
a _ a = 3./3a(2b? + 2c? — a?) 
V 2b? + 2c? — a? 2b? + 2c2 — a2 (a+b+c)3 


in case a = b = c. Why are Holder and Cauchy-Schwarz more advantageous? 
Because, in stead of being conditioned by an "equal property” like AM-GM is, 
Holder and Cauchy-Schwarz are conditioned by "proportional property”. This 
feature makes Hélder and Cauchy-Schwarz easier to use in a lot of situations. 
Furthermore, Hélder is very effective in proving problems which involve roots (helps 


us get rid of the square root easily, for example). 


Chapter 3 


Chebyshev Inequality 


3.1 Chebyshev Inequality and Applications 


Theorem 4 (Chebyshev inequality). Suppose (a1,a9,...,@n) and (bj, be,...,bn) are 


two increasing sequences of real numbers, then 
1 
a,b) +agqbo +... + dnbyn > ~ (a +agt+... + ay)(b1 + bot... + by): 
PROOF. By directly expanding, we have 


n(a,b; +agbo +... +anb,) — (a1 tag +... + an)(b1 + bo +... + bn)= 


= s (a; — a;)(b; — bj) 2 0. 


i,j=l 
Comment. By the same proof, we also conclude that if the sequence (a1, 49, ...,@n) 


is increasing but the sequence (01, bg, ...,b,) is decreasing, then 
1 
a,b, +agbo +... tanbn < 7 (4 +Q9+..4+ Gn) (by +bo+..4+ By.) 


V 


For symmetric problems, we can rearrange the order of variables so that the con- 
dition of Chebyshev inequality is satisfied. Generally, solutions by Chebyshev in- 
equality are more concise those that by other basic inequalities. Let’s consider the 


following simple example 


Example 3.1.1. Let a1,Q9,...,@y,, be positive real numbers with sum n. Prove that 


att attts tat! > ab tah +... tar. 


53 
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SOLUTION. To solve this problem by AM-GM, we must go through two steps: first, 
prove n = ath in > (n+1) » a’, and then prove > a; > n. To solve it by 
Ciuchy Saweie: we must ‘ide ah inductive approach ae However, this 
problem follows from Chebyshev inequality immediately with the notice that the 
sequences (a1,@9,...,@,) and (af,ag,...,a7) can be rearranged so that they are in- 
creasing at once. 


V 


Now we continue with some applications of Chebyshev inequality. 


Example 3.1.2. Let a,b,c,d be positive real numbers such that a? +b? +c? +d? =4. 
Prove the following inequality 


bead.” c+d+a tea ee. atb+e~3 
SOLUTION. Notice that if (a,b, c,d) is arranged in an increasing order then 


a a ae ee ae ie . 
b+tetd~ ctd+a~ d+at+b” at+b+e 


Therefore, by Chebyshev inequality, we have 


uss (+) (Sete) 


cyc 


. 16(a? + b? +c? +d?) 


8(a+b+e+d) 
_ 4,/4(a? +b? + c2 +d?) 
2. 7 : 
That implies 
a® b? < c? ie d? 4 
b+tetd c+tdta d+at+b ee ri 3° 
V 


Example 3,1.3. Suppose that the real numbers a,b,c > 1 satisfy the condition 


1 1 1 
Fa ie a re le 


Prove that 


1 1 
aes ey: 
at bs eed 


(Poru Loh, Crux) 
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SOLUTION. Notice that if a > b> ¢ then we have 


Chebyshev inequality affirms that 


*(Se=1)< (Esi) (EH), 


cyc cyc 


By hypothesis, the left-hand expression is equal to 0, which means 
a-—-2 b-2 e728 
a+l 6+1 c+17 
which is equivalent to the desired result. Equality holds for a = b=c= 2. 


V 


Example 3.1.4, Let a,b,c,d,e be non-negative real numbers such that 


1 i 1 i 1 % 1 Le 
Ata 446 “Ate 44d 446° 
Prove that 
a rs b i. c a d 2 e€ 24 
4ta* 4407 4+¢? 44d? 4+6e2 ~~ 


1- 
SOLUTION. The hypothesis implies that 5° . 


cyc 


1 ee 1 
Wie ae aaa 


pe 5s eG 
4ta 4+a? — 
cyc cyc cyc 


= 0. We need to prove that 


Assume that a >b>c>d>e, then 


Le a l-c _1-d _l-e 


oe << 
4ta 4+b6 4+c7 >44+d7 4+€e 
1 1 1 1 1 
ee ey eee <p eee 
44a? —~4+4+b? ~ 44+c? —~ 44d? — 4+ €? 


Applying Chebyshev inequality for the monotone sequences above, we get the desired 
result. Equality holds fora =b=c=d=e=1. 


V 


Example 3.1.5. Suppose that a,b,c,d are four positive real numbers satisfying a + 
b+et+d=4. Prove that 


1 i l % 1 ue 1 el 
lita2 11482 ll+e 114+d?7~ 3 
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(Pham Kim Hung) 


SOLUTION. Rewrite the inequality in the following form 


> (aes) 2? 
1l+a? 12 
cyc 
or equivalently 
a+l1 
9) +———__ > 0 
20-9) aaa 


cyc 


Notice that if (a,6,c,d) is arranged in an increasing order then 


a+1 = b+1 2 etl = d+1 
a2+11 ~ 2411 ~ c?4+11 ~ d?411 


The desired results follows immediately from the Chebyshev inequality. 
V 


Example 3.1.6. Let a,b,c be three positive real numbers with sum 3. Prove that 


1 1 


1 
Diao te re, 


(Vasile Cirtoaje, Romania TST 2006) 


SOLUTION. Rewrite the inequality in the form 


Sea aPeS a & JaPP(l+c+ P+A)(1-d 20. 


cyc cyc cyc 


Notice that if ab <2 and a > b then 
a?(1+b+b? 4b’) >b(1+a+a? +a). 


Indeed, this one is equivalent to (a+b+ab—a?b?)(a—b) > 0, which is obviously true 
because ab < 2. From this property, we conclude that if all ab, bc, ca are smaller than 
2 then Chebyshev inequality yields 


Sie P(lL+c+e +e*)(1—e) > a*b*(1tet+e + 2) (S20 - a) = 0. 


cyc sym sym 


Otherwise, suppose ab > 2. Clearly, a + b > 2/2, soc < 3— 2/2 and exe. That 


means 
et yt >9>a*tbe+ec’. 
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The proof is finished. Equality holds for a = 6 =c =1. 
V 


In the following pages, we will discuss a special method of applying Chebyshev 
that is very effective and widely used. This technique is generally called ” Chebyshev 


associate technique” . 


3.2 ‘The Chebyshev Associate Technique 


Let’s analyze the following inequality 


Example 3.2.1. Suppose a,b,c,d are positive real numbers such that 
atbtetd=a +b +e'4+d7) 


Prove the inequality 


Watbtetd) > Var+3+ VP 434+ Ve+3+ V2 +3. 
(Pham Kim Hung) 


SOLUTION. A cursory look at this inequality will leave you hesitating. The relationship 
between the variables a,b,c,d appears to be obscure and very hard to transform; 
moreover, the problem involves square roots. How can use handle this situation? 
Surprisingly enough, a simple way of applying Chebyshev can draw the enigmatic 


curtain, Let's discover the method! 
By hypothesis, we have 


re el ar) ae 2 area aL 


cyc cyc cyc cyc 


Rewrite the inequality to the following form 
a? —1 
2a- Va? +3) >0 gaa = 
2, ( 2, 2a+ Va? +3 
How to continue? The idea is to apply Chebyshev inequality for these sequences: 
1 1 1 1 
(a?—1, b?—-1, ?—-1,d?—-1) ; ( 


However, it’s a futile idea because the first sequence is increasing but the second se- 


quence is decreasing, and therefore the sign becomes reversed if we apply Chebyshev. 


2a + Va? +3’ 2b4+ Vb 43° 2c4+ Mer +3' 2d+ Vd? +3 


. 
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2 

a’ —1 : : : 

Hope is not lost! Noticing that >> ( - ) = 0, we will transform the inequality to 
cyc 

the form 


—— a >0 
a Qa+Va?4+3° — 


cyc 
S She os d WEN the identit . ss he Wieisee 
upposea>o>c-d, Wi e identity —————._ = ——_=— _,, we 
a 

that 

a=] Fh =1.eC=1 ad —1 

a 3 b % Cc > d ? 
and 


a b c d 
C= Va? + 3° 2b+ Vb? 43’ 2c+ Ver? 4+3' 2d + Vd? + :) 
are two increasing sequences. So, according to Chebyshev inequality, we conclude 


> ()- (ees)? (E°S) Cacen)- 


cyc cyc cyc 


This ends the proof. Equality holds for a =b=c=d=1. 
V 


What is the key feature of this simple solution? It is the step of dividing both 
numerators and denominators of fractions by suitable coefficients in order to fit the 
condition in Chebyshev inequality and bond it with the hypothesis. According to 


this solution, we can build a general approach as follow 


% Suppose that we need to prove the inequality (represented as a sum of fractions) 


zz He @ 
oa vege Ea eae 
Y1 Y2 Un 


in which 21,22,...,£n are real numbers and YiyV2s--.Yn are positive real numbers. 
Generally, every inequality can be transformed into this form if a certain fraction has 
a negative denominator, we will multiply both its numerator and denominator by —1. 
Then we will find a new sequence of positive real numbers (a1, a2, ...,@n) such that the 


sequence 


(4121, A920, weeny Qn2n) 


zs increasing but the sequence 


(a141, 4242, sory OnYn) 
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is decreasing. After applying Chebyshev inequality 


Why is this approach advantageous? Because it get rid of fractions in the inequal- 
ity. Even a suitable choice that makes a 21 + aqxo +... +@n2n = 0 can help finish the 
proof immediately. In fact, many problems can be solved in this simple way. Right 


now, let’s go further with the following examples: 


Example 3.2.2. Suppose a,b,c are positive real numbers with sum 3. Prove that 
1 1 1 
= ey ep 
Pan ebe bake sl 


SOLUTION. The inequality is equivalent to 


aera ee ere 


cyc 
- (=) >0. 
arya ca aa ar 
According to Chebyshev inequality and the hypothesis that a+6+ ce = 3, it suffices 
to prove that ife > 6 thena-1+—-—<6-14+ : or (a — b)(ab— 3) < 0. It’s obviously 
a 
9 


true because ab < +(a +b)? < Z < 3. Equality holds fora =b=c= 1. 


or 


V 


Example 3.2.3. Let a,b,c be positive real numbers and 0 < k < 2. Prove that 
a* — be b* — ca c* —ab 
——— ee ee ee ee 
B+c2+ka? cc? +a?+kb? a? + b? + ke? 
(Pham Kim Hung) 
SOLUTION. Although this problem can be solved in the same way as example 2.1.1 is 


solved, we can use Chebyshev inequality to give a simpler solution. Notice that if 


a > b then for all positive real c, we have (a? — bc)(b +) > (b? — ca)(e +a), and 


(b? +c? + ka”)(b+ c) —(c? +0? + kb?)(e +a) = (b—-a) (Oe 6-06} <0. 


cyc cyc 
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Having these results, we will rewrite the inequality into the following form 


(a? — be)(b + c) 
2+ +a tha =” 


cyc 


which is obvious by Chebyshev inequality because }~ (a? — bc)(b+ ¢) = 0. 


cyc 


V 


Example 3.2.4. Let a,b,c be positive real numbers. Prove that 


Va? + 8be + Vb? + Bea + Vc? + Bab < 3(a +b+4+ ¢). 


SOLUTION. Rewrite the inequality in the following form 


a* — be 
3a — Va? + 8bc) Sea So Eg 
> ( i 2 iat VETER 
or 


(a? — be)(b + c) 
2, (b+ c) (3a + Va? + 8bc) ve 


According to Chebyshev inequality, it remains to prove that : if a > b then 


(b+ c) (8a + Va? + 8bc) < (a+c) (3b + Vb? 4 8ca) 
& (b+ c)Va? + 8be—(a+c)Vb? + 8ca < 3c(b—a). 


We make a transformation by conjugating: 


i /aPEBhe (6 OF eon = OP lat She) (a Fe) *(" + Bae) 
(b+ c)Va? + 8be — (a +c) Vb? + 8ca = @ hoa Bet ky PES 


c(b —a) [ 8a? + 8b? + 8c? + 15e(a + b) + 6ab | 
(b+ ¢)Va? + 8be + (a+c)Vb?+8ca 


It remains to prove that 
8a? + 8b? + 8c? + 15e(a + b) + Gab > 3 ((o+¢) a? + 8be + (a+ 0) /? + Bea) : 
which follows immediately from AM-GM since 
RHS < ((b+ c)? + (a? + 8be) + (a +c)? + (b? + 8ca)) 
= 3(a? +b? + c? + 5be + Sac) < LHS. 


Comment. Here is a similar example 


* Let a,b,c be positive real numbers. Prove that 


a* — be b? — ca ce? —ab 


ee ee ey eae ae a, 
Via? +207 +22 /7b? 42e2 +202) 3 V7e2 4 2a? + 2b? — 
V 
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Example 3.2.5. Let a,b,c,d be positive real numbers such that a2 +b? + c+4d? =4. 


Prove that 
1 4 1 1 1 " 1 ay 
5-a 5-b 5-e 5-d7-" 


(Pham Kim Hung) 


SOLUTION. The inequality is equivalent to 


1 1 cea 
(:-3) Ste ee 
cyc 


cyc 


* Desaery 80° a? —1 25 


(5-—a)(a+1) — 4a —-a? +5 — 


Notice that 57 (a? — 1) = 0, so by Chebyshev inequality, it is enough to prove that 
cyc 


if a > b then 
da ~a? +5 > 4b-b? +5. 


This condition is reduced to a+b < 4, which is obvious because a? +b? < 4. Equality 
holds fora =b=c=d=1. 
V 


Example 3.2.6. Let a1, a2,...,@n be positive real numbers satisfying 


1 1 1 
Qa, +agt... ay Sy a eer 
ay a2 an 
Prove that the following inequality holds 
1 1 1 ss 1 


a oa Pe es 
Pee eet n?+a2—17 aytagt...+an 


(Pham Kim Hung) 


SOLUTION. WLOG, we may assume that a, > ay > ... > an. The hypothesis is 


equivalent to: 
l1—a? 1-—a? 1a? 
eS aa eee eee 
ay ag an 


nr 
Denote S = )> a; and k = n? —1. According to (*), the equality can be rewritten 
ad i=l 
1- ay 1- 1— an > n-S 


kar peee Tae gl = Gg 


ae eee 87 a a; 
a a a IS 0 
= > Q; la + .a;)(k +a?) ead = 


62 Chapter 3. The basic Inequalities — 


For each i # j and i,j € {1,2,...,n}, we denote 


Sig = Fesnietate (1 a a" F Fae +a3) (1 2] 


= aj — aj a,a;(a;-+a;+1)—k 1 
= (1+ a;:)(1 +.a;) (a? + k) (a5 +k) S 


If S;; < 0 for alll <i <j <n (é,7 EN) then by Chebyshev inequality, we conclude 


w=1 


22 [yrteat) [5 (, 1+ ai) NCES ae atigs)|-° 


i=1 


Otherwise, suppose that there exist two indexes 7 < j such that S;; > 0 or 


a,a;(a; +a;+1)—k 1 < 
Se tH SK. 
(a? + k)(a3 +k) ao 


This condition implies that 


1. k—aja,(a; +a; +1) 1 1 “. 1 

=< —, + < sz 

S~ (aj +k)(a? +k) <n hee eee 
This ends the proof. The equality holds for a, = ag =... = Qn = 1. 


V 


Why does the Chebyshev associate technique stand out from other ways of ap- 
plying Chebyshev? Perhaps its wide application is the reason. Do you think this 
new and surprising? Surely not. In fact, this approach is natural. I believe that you 
have already used it but haven’t given it a common name yet. From now, on instead 
of thinking intuitively and accidentaly, you will use Chebyshev associate technique 
intentionally. Sometimes the work of multiplying numerators and denominators by 
suitable coefficients is quite conspicious, such as in the problems above, but sometimes 
it’s not. Figuring out the good coefficients requires a lot of effort and therefore the 
*intention” to find them becomes important. Let’s examine this matter through the 


following instances 


Example 3.2.7. Suppose that a,b,c are positive real numbers with sum 3. Prove that 


1 . 1 1 
9—ab 9-—be Y9-ca 
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SOLUTION. Let x = be, y = ca, z = ab. The inequality becomes 


1 23 c= 
er a gas o 
cyc 


cyc 


Suppose that az,ay,a, are the coefficients we are looking for. We will rewrite the 


inequality to 


Sae(l- 2) ey 20. 


cyc 
The numbers (a@,,@,,@,) must fulfill two conditions: first, among two sequences 
(az(1 — x), ay(1 — y),a2(1 — z)) and (az (9 — x), a,(9 — y),a2(9 — z)), one is increas- 
ing and another is decreasing (1); second, }> a,(1 — x) > 0 (2). 


cyc 
Let’s do some tests. We first choose ag = 1+ 2%,ay =1+y,a, =14+4z. In this case, 


condition (1) is satisfied but condition (2) is false because 


So ae(1—-2) =3-S oa? <0. 


cyc 


We then choose az = 8+ 2,a, =8+y,a, = 8+z. This time, condition (2) is satisfied 
(you can check it easily) but condition (1) is not always true. Fortunately, everything 
is fine if we choose a, = 6+2%,a, =6+y,a, =6+2z. In this case, it’s obvious that if 
x > y > zthena,(1—z) > a,(1—y) > a,(1—z) and a,(9—2) < ay(9-y) < a.(9—2). 


{t remains to prove that 


2 
S\a,(1—2) >0 co (da) + (+5) < 18 + babe. 


cyc cyc cyc 
By AM-GM, we have 
[[G — 2a) = [[ +b—c) < abe. 
cyc cyc 
This can be reduced to 9 + 3abe > 4 ¥> ab. Replacing 3abe > 4 D> ab— 9 in the above 


cyc cyc 
inequality, it becomes 


5 (s:+5] + (x=) <8 (s>-5] # So ab<3, 


cyc cyc cyc cyc 


which is obvious because a + b+ ¢ = 3. Equality holds fora =b=c=1. 


V 
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Example 3.2.8. Let a,b,c be positive real numbers such that a4 +b4 +c4 = 3. Prove 


that 
1 1 1 


TGb Abe 4—ca 
(Moldova TST 2005) 


SOLUTION. Let x = ab, y = ac and z = be. The inequality is equivalent to 


— 72 — a2 22 yd 
1-2 l-y ee ST 


= 4+3r—272 44 3y-—y? + Ppay 22 “ 


Notice that a4 + b4+c4=3s0 27+ y? 4 z? <3 and therefore if x > y > z then 
t—o? <1-y<1—-2 ; 443¢—27 > 44 38y—y? > 44-32-27 ; 
thus by Chebyshev inequality, we obtain 


1-2? 1 i 1 
Votes ei (Ne-) (Saas) 20 


eye cyc cyc 


because 5> x < 3 and }> x? < 3. Equality holds fora =b=c=1. 


cyc cyc 


V 


Example 3.2.9. Let a,,a9,...,;A€n be positive real numbers such that 


1 1 1 
Qa, +a9+...+0a, =—+—+..4+—. 
ay ag Qn 
Prove the following inequality 
: = : ae bes < 
n—-1+ta? = n—-1+az  “  n-1+4a2 — 


(Pham Kim Hung) 


SOLUTION. Rewrite the inequality to the following from 


or equivalently 
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Assume that a, > a2 >... > an. According to the hypothesis, we have 


nm 


a? —1 2 
D> rs = 0, 


Moreover, notice that 


a; 7 a; (n— 1 —a,a;)(a; — a5) 
n-1ltaj n-1+a5 ~ (n—14a2)(n—1 +03) 


So, in case aja; <n —1 Vi #37, we can conclude that 


n—-l+az;~n\é Qi 4sn—-lt+a?]}] 


i=l 


It suffices to consider the remaining case a,a2 > n—1. For n > 3, Cauchy-Schwarz 
inequality shows that 
at li as (a, + a2)? >] 
n—1+a? ae ~ 2(n — 1) +0? +03 ~ 


nm 


nr 
gp Desasicers Seer ae wre S} 


For n = 1 and n = 2, the inequality becomes an equality. For n > 3, the equality 


holds if and only if a, = ag =... =an = 1. 


V 


Chapter 4 


Inequalities with Convex 


Functions 


The convex function is an important concept and plays an important role in many 
fields of Mathematics. Although convex functions always pertain to advanced theo- 
ries, this book will try to give you the most fundamental knowledge of this kind of 
functions so that it can be easily understood by a high-school student and it can be 
used in inequalities. This section includes two smaller parts: Jensen inequality and 


inequalities with bounded variables. 


4.1 Convex functions and Jensen inequality 


Definition 1. Suppose that f is a one-variable function defined on [a,b] CR. f is 
called a conver function on [a,b] if and only if for all z,y € [a,b] and for allO <t <1, 
we have 


tf(x)+(1—t)f(y) => f(te+(1—t)y). 
Theorem 5. If f(z) is a real function defined on [a,b] C R and f(x) > 0 Vz € [a, 5 


then f(z) is a convex function on [a, b]. 

PROOF. We will prove that for all z,y € [a,b] and for allO<t<1 
tf(x)+(1—t)f(y) 2 f (te +(1— by). 

Indeed, suppose that t and y are constant. Denote 


g(x) = tf(z) + (1—t) f(y) — f (ta+ (1 —t)y). 


67 
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By differentiating, 

g(x) = tf'(x) — tf" (tx + (1 —t)y). 
Notice that f”(x) > 0 for all x € [a,b], thus f’(z) is an increasing function on [a, }]. 
This gives that g(x) > Oifx > y and g/(x) < Oifxz < y. That means g(x) > g(y) = 0. 


V 


Theorem 6 (Jensen inequality). Suppose that f is a convex function on [a,b] C R. 
For all x1, 22,...,2n € [a,b], we have 


Hyetegt...+ 2p, 
Se ae 


f (x1) + f(ve) +... + f(2n) = nf ( 


V 


If you’ve never read any material regarding convex functions, or if you’ve never 
seen the definition of a convex function, the following lemma seems to be very useful 


and practical (although it can be obtained directly from Jensen inequality) 


Lemma 1. Suppose that a real function f : [a,b] — R satisfies the condition 


f(x) + f(y) 2 2 (=32) ve,y € (a,b) 


then for all 21, 2x9,...,2n € [a,b], the following inequality holds 


fle) + flea) +... + flan) 2 nf (Aer te) : 
PRoor. We use Cauchy induction to solve this lmma. By hypothesis, the inequality 
holds for n = 2, therefore it holds for every number 7 that is a power of 2. It’s enough 
to prove that if the inequality holds for n = k+h(k € N,k > 2) then it will hold for 
n =k. Indeed, suppose that it’s true for n = k+1. Denote x = 2,+2%94+...+2,% and 
take xp41 = = By the ductive hypothesis, we have 


(ar) + fee) +... + flex) + F(Z) > EDS (Ft) =(k+f (2). 


That finishes the proof. 
V 


The result above can can directly infered from Jensen inequality because accord- 


ing to the definition, every convex function f satisfies (t = 1/2) 


fe) +f) 22s (=F4). 


Sy 
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Obviously, if we change the condition f(x) + f(y) > 2f (=) Va,y € [a,b] to 


f(z) + f(y) < 2f (=3") Vz,y € [a,b], then the sign of the inequality is reversed 


(a1) + f(z) +... + f (en) < nf (Att tee) 


n 


Lemma 2. Suppose that the real function f : [a,b] — R* satisfies the condition 


f(x) + fy) = 2f(Vzy) Vz, y € [a,b], 


then for all x1, 29,...,En € [a,b], the following inequality holds 


f(a1) + f (ea) ++ fen) > nf (/BBe-a). 


V 


The proof of this lemma is completely similar to that of lemma 1 and therefore it 
won’t be shown here. Notice that this lemma is quite widely applied and it is related 
to the AM-GM inequality of course. 


Theorem 7 (Weighted Jensen inequality). Suppose that f(x) is a real function de- 
fined on [a,b] C R and 21, 22,...,2n are real numbers on [a,b]. For all non-negative 


real numbers a1, 9,...,Qn, which sum up to 1, the following inequality holds 


ay f(z1) +aof (ze) +... + @nf(En) > f(arx, + 4222 4+... + ann). 


Jensen inequality is a particular case of this theorem for a, = ag =... = Qn = 1/n. 
Let’s consider a more elementary version of this theorem as follow 


Lemma 38. Let a;,Q2,...,@n be non-negative real numbers with sum 1 and x1, %o,..., Zn 


be real numbers in [a, b]. Let f(x) be a real function defined on [a, b]. The inequality 
aif (x1) +a2f(t2) +... + Onf(2n) = f(arz1 +4242 +... + anIn) 


is true for every positive integer n and for every real numbers xj, @;, 1 = 1,2,--- ,n 


if and only if it’s true in the case n = 2. 


V 
To prove lemma 3 as well as the weighted Jensen inequality, we use the same 
method as in the proof of lemma 1. The great advantage of lemma 1, 2 and 3 is that 
is allows one to use the convex-function method even if one knows nothing about the 


convexity of a function. Following is an obvious corollary 
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Corollary 3. 


a, The conclusion in lemma 1 is still true if we change the expression of the arithmetic 
mean by any other average form of x1,%2,...,Z_; for example, geometric mean or 


harmonic mean, etc. 


b, If the sign of the inequality for two numbers is reversed, the sign of the inequality 


for n numbers is reversed, too. 


Jensen is a classical inequality. In the next chapters, we will continue discussing 
this inequality in relationship with Karamata inequality, a stronger result. Now let’s 


continue with some applications of Jensen inequality. 


Example 4.1.1. Suppose that 2%1,%9,...,%, are positive real numbers and 


1,09, .002n 2 1. Prove that 


1 1 1 
+ Ss eres er 
l+a, 1l1+29 14+ 2, 1+ 22129...2y 


(IMO Shortlist) 
SOLUTION. According to lema 2, it’s enough to prove that 
1 1 2 
——y; + — < — Va,b > 1. 
fe ee ee 
We can reduce this inequality to (a — b)?(1 — ab) < 0, which is obvious. 


V 


Example 4.1.2. Let a1,a9,...,d, be real numbers lying in (1/2, 1]. Prove that 


Q1Q2...An = (1 — ay)(1 — ag)...(1 — an) 
(a, +ag+...+a,)" ~ (n-a,—-a_ —..-—an)” * 


SOLUTION. The inequality is equivalent to 


n 


>». (Ina; —In(1 — a;) \> nin (s=) —niIn (»- Soa) ; 


i=l 


Notice that the function f(z) = Inz —In(1 — 2), has the second derivative 


ana > 0 (x € (1/2,1)). 


Therefore f is a convex function. By Jensen inequality, we have the desired result. 


fo)=s + 


V 
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In comparison with other basic inequalities such as AM-GM Cauchy-Schwarz 
or Chebyshev apparently, Jensen inequality is restricted to a separate world. 
Jensen inequality is so rarely used because people always think that it is not strong 
enough for difficult problems. However, there is an undiscoved field of inequalities 
where Jensen inequality becomes very effective and always gives us unexpected so- 


lutions. 


Example 4.1.3. Let a,b,c be positive real numbers. Prove that 


a b c 
ee ee eee ey 
Vaz+8be <Vb2+8ac Vc2+8ab 
(IMO 2001, A2) 


SOLUTION. Although this problem has been solved using Hélder, a proof by Jensen’s 
inequality is very nice, too. WLOG, we may assume that a + b+ ¢ = 1 normalize. 


Because f(z) = —= is a convex function, we obtain from Jensen’s inequality that: 


Vz 
a- f(a? + 8be) +b- f(b? + 8ca) + e+ f(c + 8ab) > f(M) 


in which M = S7 a(a? + 8bc) = 24abe + D> a3. It remains to prove that f(M) > 1 or 
eye cyc 
M<lor 


3 
24abe + S a8 = (x*) = S > e(a - b)? > 0. 


eye 


This last inequality is obvious. Equality holds for a = 6 = ¢. 
V 


Example 4.1.4. Let a,b,c,d be positive numbers with sum 4. Prove that 


7 Sa A AER 
ab! ele Pad ete ater) 


SOLUTION. Denote f(x) = EET then f is a convex function if z > 0. According 
x 
to Jensen inequality, we have 
a b c d ab+ be+cd+da 
2745 Hots s@+$- saz s(CAEOte ; 


which can be rewritten as 


a 64 
6 IG ces oe 
ras, = (ab + be + cd + da)? + 4(ab + be + ed + da) 
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It remains to prove that 


64 8 
a 
(ab + be + cd + da)? + 4(ab+ be + cd+da) ~ ab+be+cd+da 


& abt+be+ed+da<4 & (a—b+c—d)’* >0. 


Equality holds fora =b=c=d=1. 


<1 


Example 4.1.5. Suppose that a,b,c are positive real numbers. Prove that 


(Vasile Cirtoaje) 


SOLUTION. Notice that f(x) = /z is a concave function. According to Jensen in- 


equality, we have 
> fia ie ate 4da(a +b+c)? 
a+b 2(a+b+c) (a+ b)(a+c)? 


ee ate  4a(a+b+c)? 42 Geeoeeay 
2(a+b+e) (at+b)(at+ec)? + (at+e)(b+c)" 


cyc 


It remains to prove that 


a(a+b+c) 9 
& Aes <3 
4(at+ec)(b+c)~ 4 


After expanding, the inequality becomes 
8 (so) (s>*) > 9] J+) & S>ea-s)? 
cyc cyc cyc 
V 


Example 4.1.6. Let a,b,c be non-negative real numbers. Prove that 


a b c 


Se + + 1 
V4b? + be+ 4c? V4 4ca+4a2 Vda? +ab+4b2 — 
(Pham Kim Hung, Vo Quoc Ba Can) 
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SOLUTION. We may assume that a +b+c¢ = 1. Because f(x) = = 18 @ convex 


function, according to Jensen inequality, we have 
a- f(4b? + be + 4c”) + b- f(4c? + ca + 4a”) + c+ f(4a? + ab + 4b?) > f(M), 
where 


M = a(4b? + be + 4c?) + b(4c? + ca + 4a”) + c(4a? + ab + 4b?) = 4 > ab(a+ b) + 3abe. 


cyc 


It suffices to prove that f(17) > 1 or M <1. It’s certainly true because 


3 
= (x) —45 “abla +b) — 3abe = S a3 — S$“ ab(a + b) + 3abe 


cyc cyc cyc cyc 
=| [ebe- | [a+ b-c) >0 
ceyc cyc 


Equality holds for a = b= c and a= 0,b=c up to permutation. 
V 


Example 4.1.7. Let a,b,c be positive real numbers. Prove that 


a b Cc 
(a ,/ 7 rs | 
ieee Aededa 4c+4a+b7 


(Pham Kim Hung) 


SOLUTION. Notice that f(z) = /z is a concave function, therefore by Jensen in- 


equality we have 


(4a + 4c + b) 8la(a + b+ c)? 
»» ae oy ees (4a + 4b + c)(4b + 4c 4+ a)? 
Ss (4a + 4c+ b) 8la(a + b+)? 
Q(atb+c) (4a+4b+ c)(4a + 4c + b)? 


eye 


1A 


¥ 9a(a +b+c) 
ae (4a + 4b + c)(4a + 4c +b)” 


WLOG, we may assume that a+ b+ c= 1. It remains to prove 


3 9a(a+b+c) 
7 (4a + 4b + c)(4a + 4e+ b) ~ 
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or equivalently 


o(re vera) <[[(4-32) = 185° ab+ 27abe < 7, 


cyc cyc cyc cyc 


1 1 
which is certainly true because )> ab < — and abe < —. 
ae 3 27 


V 


Example 4.1.8. Let a,b,c be positive real numbers such that a? + b? +c? = 3. Prove 


that 
a b c 
= se Se ee 
apy Y = i Fp rea 


(Pham Kim Hung) 


SOLUTION. Applying Jensen inequality for the concave function f(z) = Vz, we have 


y a UE errs) a2 +c? +1 9a(a? + b? + c?)?2 
CoV +P t1 3a +P +e?) \ G++ 1)@? +e +1) 
> att+ce+l Qa(a? + b? + c?)? 
af Slate ee) (ate 4 (a re 1)? 


IA 


_ 3 3a(a? + b? + c?) 
7 (a2 + b2 + 1)(a? +c? +1)" 


cyc 
lt remains to prove that 
a 
—____ <- = 3 Pietij\< 4—a’‘*). 
eR e@ ret <3 * 2a cae Ii =) 
This inequality can be reduced to 
ee eee: < 34 ~—a7b*c? —25¢ at. 
cyc 
By AM-GM, we have a7b?c? < 1, so it’s sufficient to prove that 
>| (204 — 30% + 12a -11) <0 & S“(a?-1) ) (20° ee ye ences < 0. 
cyc cyc a+1 


Because this last inequality is symmetric, we can assume that a > b > c. Denote 


9 9) 9 
Sa = 2a —3a42 75 = 2b? —3b42 = 2c? — ee 
a a a ra b + ea" a 2c? 8e+2+ eG 


4.0. Inequalities with Convex functions 75 
Ifb<1 thena+b<1+ V2 and (a+ 1)(b+1) <2 (14 V2). It implies 


Sa — Sp = 2(a +b) - 3 : jy <0 


~ (ati1j(b+1 


Certainly Sy) — S, < 0, so we conclude that Sa < S, < S,. By Chebyshev inequality, 


we obtain 
(TI : ») bs s) = 


If b> 1 then we also have S, — S, < 0 and S; — S, < 0 (because c < 1). It implies 


S((@? —1)Sa = (a? —1)(Sa — Se) + (b — 1)(S3 - $) <0. 
cyc 
Equality holds fora =b=c=1. 
V 


In fact, the weighted Jensen inequality has, to some extent, much secrets. It’s still 
rarely used nowadays but once used, it always shows a wonderful solution. Problems 
and solutions above, hopefully, convey to you a certain way of using this special 


approach; it should be contemplated more by yourself. 


In the following pages, we will discuss a new way of applying convex functions to 
inequalities. We will use convex functions to handle inequalities whose variables are 


restricted in a fixed range [a, }]. 


4,2 Convex Functions and Inequalities with Vari- 


ables Restricted to an Interval 


In some inequalities, variables are restricted to a certain interval. For this kind of 
problems, Jensen inequality appears to be especially strong and useful because it 
helps determine if the variables are equal to the boundaries or not, for the minimum 


of an expression to be obtained. 


Example 4.2.1. Suppose that a,b,c are positive real numbers belonging to [1,2]. 
Prove that 
ab +b +c? < 5abe. 


(MYM 2001) 
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SOLUTION. Let’s first give an elementary solution to this simple problem. Since 
a,b,c € [1,2], ifa > b> cthen 


at +2<5a = (a—2)(a*?+2a—-1) <0 (1) 
5a +b° <5ab+1 @(b—1)(b? +b4+1—5a)<0 (2) 
5ab+c3 < 5abe+1 & (c—1)(? +e4+1—5ab)<0 (3) 


The above estimations are correct because 


bb 1 < a? el < Oa Be + I< 5a; 
C+et+1<a*+a4l1 <5a < 5ab. 


Summing up the results (1), (2) and (3), we get the result. Equality holds ifa = 2,b= 


c= 1 and permutations. 


V 


Example 4.2.2. Suppose that a,b,c are positive real numbers belonging to (1, 2]. 
Prove that 
1 1 #1 
(a+b+c)|—-+—-4+-] <10. 
a bie 


(Olympiad 30-4, Vietnam) 


SOLUTION. The inequality can be rewritten as 
be ab 
sa at a pea oe ca 
be sg a he ce 


WLOG, we may assume that a > b> c, then 


a ab 
Pag era ae 
(a—b)(a—c) PO SVS ee 
-4+1>--4-, 
a boa 
which implies that 
b a ee 
~+-+24+—<-4-42 
b oe a 
We conclude 
b b = = 
seer e Seat ycape(245) a7 Go *dlend <, 
bo ec aa bee co o.a ac 


because 2c > a > c. Equality holds for (a,b,c) = (2,2,1) or (2,1,1) or permutations. 


Comment. Here is the general problem. Its solution is completely similar to that of 


’ the previous problem. 


4.0. Inequalities with Convex functions Cf 
*% Suppose that p < q are positive constants and aj,d2,...,Qn € [p,q]. Prove that 
1 1 1 kn(p — q)? 
(a +aq +... +@n) (tatete) pe reactant 
a1 ag Qn Apq 


where ky, =n? if n is even and n? ~—1 if n is odd. 
V 


The key feature of the previous solution is the intermediate estimation (estimate 
that ifa > b> cthen (b—a)(b—c) < 0). Because they are so elementary and simple, a 
high-school student can comprehend them easily. But what happens to the following 


inequality? Can the previous method be used? Let’s see. 


Example 4.2.3. Let 2),29,...,22005 be real numbers belonging to [~1,1]. Find the 


minimum value for the following expression 
P= 2,29 + 2973 + ... + L2004a%2005 + L2005%1- 


SOLUTION. Because this inequality is cyclic, not symmetric, we can not order variables 


as. If we rely on the relation (2; — 1)(a; + 1) < 0, we won’t succeed either. 


By intuition, we feel that the expression will attain its maximum if in the sequence 


(1, X2,..-) £2005), 1 and —1 alternate. In this case 
Pie (Ail we 4 t= 00, 


An accurate proof of this conjecture is not so obvious. Although the following solution 
is simple, it’s really hard if you don’t have some knowledge of convex functions is never 


generated in your mind. 
First, we notice that if x € [p, g] then each linear function f(z) = ax + b or quadratic 
function f(z) = x? + az +b has the following important property 


max f(z) = max{f(p), f(q)}. 


r€ [p,q] 


A linear function satisfies another condition 


min f(z) =min{f(p), f(q)}. 


r€[p,q| 
Notice that P = P(x) is a linear function of x1, therefore, according to properties of 


linear functions, P can attain the minimum if only if 71 € {—1,1}. Similarly, for the 


other variables, we deduce that P attains the minimum if and only if x, € {—1,1} for 


78 Chapter 4. The basic Inequalities — 


each k = 1,2,...,2005. In this case, we will prove that P > —2003. Indeed, there must 
be at least one index k (k € N.1 < k < 2005) for which x,2441 > 0. That implies 


LeLe41 = 1 and therefore )~ 72,4, > —2003. 
k=1 


Comment. By a similar approach, we can solve a lot of inequalities of this kind such 


as 


% Let x1, 22,...,2n be real numbers belonging to [—-1,1]. Find the minimum value 
of 


P= 2100%3 4+ 00%3%4 +... + 2n_-12n21 + Fn L129. 


% Let 21, 22,...,2n be real numbers belonging to {0,1|. Prove that 
P = 2,(1 —2) 4+ 29(1 —23) +... + 2n(1— 21) < =| 


V 


For what kind of functions does this approach hold? Of course, linear function is 
an example, but there are not all. The following lemma helps, determine a large class 


of such functions. 


Lemma 4. Suppose that F(21,22,...,2n) is a real function defined on [a,b] x [a,b] x 
+» x [a,b] C R” (a < b) such that for allk € {1,2,...,n}, if we fic n—1 variables 
x3(7 # k) then F(x1,2%9,...,2n) = f(zp) ts a convex function of xy. F attains its 


minimum at the point (a1, Q2,...,0n) if and only if a; € {a,b} Vi € {1,2,...,n}. 


SOLUTION. In fact, we only need to prove that if f(a) is a real convex function defined 


on [a,b] then for all z € [a,b], we have 


f(z) < max{f(a), f(d)}. 


Indeed, since {ta + (1 —t)b|t € [0,1]} = Ja, 5), for all x € [a,b], there exists a number 
t € [0,1] such that = ta+(1—t)b. According to the definition of a convex function, 
we deduce that 


f(z) <tf(e) + (1—#)f (6) < max{f(a), f(b)}. 
V 


With this lemma, in problems like example 4.2.3., we only need to check the 
convexity/concavity of a multi-variable function as a one-variable function of 2x, 


(k = 1, 2,...,). Here is an example. 
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Example 4.2.4. Given positive real numbers 21,29, ...,2n € [a,b], find the maximum 


value of 


2 hee + (tn) — En)?. 


(x1 — 2)? + (21 — 23)? +--+ (21 — In)* + (x — £3) 
(Mathematics and Youth Magazine) 


SOLUTION. Denote the above expression by F’. Notice that F’, represented as a func- 


tion of x, (we have already fixed other variables), is equal to 


f(a.) = (n—1)z} -2 (3221 xy +e¢ 
i=2 


in which ¢ is a constant. Clearlys f is a convex function (f’(#) = 2(n — 1) > 0). 
According to the above lemma, we conclude that F' attains the maximum value if and 
only if 2; € {a,b} for all i € {1,2,...,7}. Suppose that k numbers x; are equal to a 


and (n — k) numbers z; are equal to b. In this case, we have 


7 n 2 
Fon (>: 2) - bz 2} = nka? +n(n—k)b? —(ka+(n—k)b)? = k(n—k)(a—b)?. 
i=1 t=1 
We conclude that 


m*(a — b)? ifn = 2m, meEN, 
max(F) = 
m(m + 1)(a—b)? ifn=2m4+1, mEN. 


V 
Example 4.2.5. Letn €N. Find the minimum value of the following expression 
f(z) =|l+2)4+|24+2|/+..4|n+2|, (2 ER). 


SOLUTION. Denote I; = [—1,+00), In41 = (—oo, —n] and JG, = [—k, —k + 1] for each 


ke (2,3,...n}. lex eh; then f(z) = 21 +2) > SG -1) = nna) = f(-1). If 
i=1 tz=1 
poate y eiaay Ss ae mnt) =f), 
i=1 11 

Suppose z € i, with 1 <k<n-+1, then 

k-1 n 

f(z) =-)“(i+2) + > (G42) 
i=1 ixk 


is a linear function of x, therefore 


min f(z) = min{ f(—k), f(—k + 1)}. 
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This result, combined with the previous results, implies that 
fain f(z) ra min{ f(—1), f(-2), aie f(—n)}. 


After a simple calculation, we have 


f(-k) = (14242. 4 @-V)+ (L424 + (Db) = F(R + (nA? +0), 


which implies that 


k2 4+ (n—k)? +n m(m +1) ifn =2m (me RN). 
then 2 (m +1)? ifn =2m+1(meN). 


V 


Why does this approach make a great advantage? It helps us find the solutions 
immediately. It takes no time to try intermediate estimations, because everything we 


need to do is check the boundary values. 


Sometimes, variables may be restricted not only in a certain interval but also by 


a mutual relationship. In this case, the following result is significant 


Lemma 5. Suppose that f(x) is a real convex function defined on [a,b] € R and 
£1, 22,...,2n € [a,b] such that 21 +29 4+...+2, = $ = constant (na < s < nb). 


Consider the following expression 


F = f(a1) + f(ze) +... + f (en). 


F attains the maximum value if and only if at least n — 1 elements of the sequence 


(@1,22,--.2n) are equal toa orb. 


SOLUTION. Notice that this lemma can be obtained directly from its case n = 2. In 
fact, it’s sufficient to prove that: if x,y € [a,b] and 2a<2+y=s < 2b then 


f(a)+ f(s—a)ifs<at+b. 


e+ 01<) 
fb)+f(s—b)ifs>at+b. 


Indeed, suppose that s < a+b, then s —a < b. Because x € [a, s — a], there exists a 
number t € [0,1] for which « = ta + (1 —t)(s —a). That gives y = (1—t)a+t(s—a). 
By the definition of a convex function, we have f(x) < tf(a) + (1—t)f(s — a) and 
fy) < A —-t)f(e) +tf(s — a). Adding up these results, we conclude 


f(a) + f(y) < Fla) + f(s — a). 
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In the case s > a + b, the lemma is proved similarly. 
V 


Now look at some familiar problems that turn out to be simple by this theorem. 


Example 4.2.6. Let a1, a9,...,@, be positive real numbers belonging to [0,2] such that 


Qa, ta9+...+@, =n. Find the maximum value of 
SS 67 es eo. 


SOLUTION. Applying the above lemma to the convex function f(z) = x”, we get that 
S attains the maximum if and only if k numbers are equal to 2 and n—k—1 numbers 
are equal to 0. In this case, we have S = 4k + (n — 2k)?. Because a1, @2,...,an € [0, 2], 


we must have 0 < n — 2k < 2. 


If n = 2m (m EN) then n — 2k € {0,2}. That implies max S = 4m = 2n. 
Ifn =2m+1 (meéN) then n — 2k =1. That implies max S$ = 4m+1=2n4+1. 


V 
Example 4.2.7. Suppose that a,b,c € [0,2] anda+b+c=5. Prove that 
a+b? +c <9. 


‘SOLUTION. Suppose that a < b < c. According to lemma 5, we deduce that a? +b? + c? 
attains the maximum if and only if a = 0 or b= c= 2. The first case a = 0 is rejected 
because so, 4 > b+ c= 5 is a contradiction. In the second case, we have a = 1 and 


therefore max{a? + b? + c?} = 17 +2742? =9. 
V 


Example 4.2.8. Let a, Q2,...,@2007 be real numbers in [—-1,1] such that a, + ag + 


... + @2007 = 0. Prove that 
ae +a2 + wet OF aos < 2006. 


SOLUTION. Applying lemma 5, we deduce that the expression a? + a3 +... + a3oq7 
attains the maximum if and only if k numbers equal 1 and n — k — 1 numbers equal 


~—1. k must be 1003 and the last number must be 0, so we deduce that 
tp ae oe 48 gz 52006: 


V 
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Example 4.2.9. Let 21,%2,...,2n be real numbers in the interval |-1,1| such that 
et +a3+... +23 = 0. Find the maximum value of 21 + Zo +... + Zp. 


(Tran Nam Dung) 


SOLUTION. We denote a; = ce for all i € {1,2,...,r}, then a; tag +...+@n = 0. 
Notice that the function f(z) = ~/Z is concave if x > 0 and convex if x < 0. It’s easy 


to get (as in lemma 5) 


f(-1) + f(e@+y+1) if z,y €[-1, 0]. 
zr ys r 
f=) + fv) s 25 ( FY) if x,4 € [0,1]. 


Now suppose that there are two numbers 2, y of the z,’s such that « <0 < y then 


f(-l+f(e+y41), ifety <0. 
f(a) + fly) < | ; (2) 
f(O)+ f(ety), ife+y>0. 
According to (1), we deduce that if a1,a2,...,a, are all non-positive terms of the 


sequence (@;,Q2,.--,@n), then 


k n 
Sven <@-n7a)+s (You+e—3), 


i=] w=1 
which implies that we can change k — 1 non-positive numbers to —1 to make the sum 


k 
%* f(a;) bigger. Moreover, if a%41,@x42,-..,@n are non-negative then 
i= 


n 


fla) <@-HF (> DY ay 


gek+1 j=k4+1 


That means we can replace all non-negative numbers with their arithmetic mean 
to make = f(a;) bigger. However, we can make only k — 1 non-positive numbers 
equal to ee snore is always one non-positive number left. Suppose that this number 
is ax. Because 3 a; = 0, there is one non-negative number, say a,,. According to (2), 
because ay, < O< a,, we can replace (ax,a,) with (—L,a, +a, +1) if a, tan <0 
(a, +a, +1 > 0) and with (0,a,+a,) ifa,+a, > 0. After this step, the new sequence 


has all k non-negative elements equal to —1. Therefore 


D> Fes) < ofh) = Bs) + (n— BF (<A E) = YR H— by 
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Notice that the derivative g/(k) has only one root k = = so we conclude that the 


Tn 
maximum of the expression $~ f(&;) or >~ a; is 
i=l i=l 


Chapter 5 


Abel Formula and 


Rearrangement Inequality 


5.1 Abel formula 


In the following pages, we will discuss an identity that closely relates to many problems 
in mathematics contests. In the field of inequality this identity has its best effect. It’s 
called Abel formula. 


Theorem 8 (Abel formula). Suppose that (x1, 22,...,2n) and (1, Ya... Yn) are two 
sequences of real numbers. Denote cpr = yi + yo+...+ Yn (k =1,2,...,n), then 


L1y1 + Layo t+... + 2nYn = (£1 — By)c1 + (xe — 23)co +... + (@n-1 — En)en-1 + Enea. 
PRooF. We certainly have 
(x, — £_)c, + (to — @3)e9 +... + (@n—1 — Bn) en—-1 + nln 
= C12) + (co — C1) 20 +... + (Cn — Cn-1) fn = L1y1 + Layo +... + Enyn- 
V 


From this theorem, the following result can be obtained directly 


Example 5.1.1 (Abel inequality). Let 21, 22,...,2n andy, > yg >... > Yn 2 O be 
k 

real numbers. For eack k € {1,2,...,.n}, we denote Sp = >> x;. Suppose that M = 
i=1 

max{ 51, So,...,5n} and m= min{Sj, S2,...,Sn}, then 


my. < e1y1 + eyo +... + Enyn < Myr. 
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SOLUTION. Since both two parts of the inequality can be proved similarly, we only 
need to show the solution to the left inequality. Let y,11 = 0. By Abel formula 


TL 
So sii = > —Y +1) )S; = Sad ee Har = = ™MY1- 
i=l 


i=l 


Vv 


Inequalities solved by Abel formula often appear in sophisticated conditions that 


makes them difficult to solve by other methods. Here are some examples. 


Example 5.1.2. Let a1,a2,..,G, and by > bo >... > by > O be positive real numbers 


such that a,a9...a, > b,bo...b, Wk € {1, 2, La Prove the following inequality 
a; +agt+...+ Gy > by + bo +...-+ by. 


SOLUTION. By Abel formula, we deduce that 
Th nr Th a; 
ai, b; = b; —-—] 
ao a=) 


Z(G) ra + (bz ~b3)(S 4% 2) 4... 
b; be 
a; 
+ (6721 —b, (Ss be 
because AM-GM inequality yields that for all k € {1,2,...,n} 
Q1Q9...0b 
a — > kk} —-~—— > 
is a a V biba.be = 
V 


Example 5.1.3. Let x1, 2,..,2n be positive real numbers such that 
gytaot...+2, > Vk VRE {ly 2extegit te 


Prove the following inequality 
1 LL 1 
gitae+.. +22 BG (+54 g+-45). 
(USA MO 1994) 


SOLUTION. WLOG, assume that 2; > aq >... > #,. For each k € {1,2,..., 2}, let 


1 
b = —. 
ke VE 


We will first prove that 


n n 
> 2 : 
i=1 i=1 
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and then, 2 zibj > 3 b?. 


i=1 t=1 
By Abel formula, we have 


5° ai(22; = b;) = (xy _ X2)(221 Fr bi) + (xo = 23)(221 + 2x9 —b, - bo) ass 
i=1 
n-1 n—-1 n n 
+ (@a-1 = 2a) (2 ae my 4 ity (2305 ~ ry 
i=1 t=1 t=1 7=1 


k k 
Because 1, > 2p41 Vk € {1,2,...,n}, so we only need to prove that 257 2; > 37 bj. 
i=1 i 


wl 


By hypothesis, it’s enough to prove that 


k 
1 
Ly 


However, this last inequality is clearly true because 


Also by Abe formula, 


n n-l n-1 
S © bi (204 — bi) = (b1 — be) (221 — bi) +... + (bn—1 — bn) (2 Sia-)> s] + 
i=1 i=1 i=1 


v27 Th TL 
fi i=1 i=l 
bn > bea, (V) k € {1,2,..., 7}, so all terms are positive. 


Example 5.1.4. Let a),a9,...,Qn and by, bo,...,b, be real numbers such that 


ajt+e a, taot..+a 
> ate , > tant + ay 


a), 2 2 moe n 7 
b> 25% sf oie te Pee te 
n 


Prove the following inequality 
1 
ayby +agbo +... + Onbn > 7 (a +ag+...+@n)(b1 tbo +... + Dy) 


(Improved Chebyshev inequality) 
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SOLUTION. For each k € {1,2,...,n}, we denote S_ = a1 +a9+... +a, and 6,4) =0. 
By Abel formula, we have 


Yat 25h — bist) Si = S> lbs — big) )(=). 


i=1 i=1 


According to Abel formula again, we have 


* So § 
S > aibi = (s: = aA (by = be) + (2 a 7 (by + be a 2b3) eis 


2 2 
i=l 
4 (Sez Yin (doa Sor 
a = =1 i=l 
So Sn 
By hypothesis, we have — ee > >... > —, so it’s enough to prove that 
n 


k 
S > 6; > kbpy1 Wk € {1,2,....7 — 1}. 


i=l 


This one comes directly from the hypothesis 


<J 


Example 5.1.5. Let 21, 22,...,£n be real numbers such that >>... > 2, > 


In41 = 0. Prove the following inequality 


Vir Figt Fim $y ViVi — Vim). 


(Romania MO and Singapore MO) 


SOLUTION. Denote c; = Vi — Vi — 1 and a; = /az;. The inequality becomes 
(ajc, + aco +... + On€n)? > ar +a? ++ ae. 


nN 
Suppose that 6), b2,...,b, are positive real numbers satisfying 5> 6? = 1 and 
i=l 


- 2 
(Se a?) & i) = & ats) (the sequences (a1, 42, ...,@n) and (bj, be,..., bn) are 
i=1 


i=1 
proportional). We need to prove that 


Q1Cy + A0Co +... + Any > a,b, + agbo 4+... +anbn. 
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By Abel formula, the above inequality can be changed into 


S > ales — bj) 20 & (a, — ag) (ce, — by) + (ag — a3) (cr + cg — by — be) + 


+ (dn—1 — Gn) (See $4) +o (Soa Soh) 20 


which is true because for all k = 1,2,...,n 


Yeoh = VE 2 VE 


i=l 


Vv 


Example 5.1.6. Let aj,Q9,...,@n and by < bo <... < by, be real numbers such that 
at+az+...ta2 <b? 4+b2 +... +62 Vk {1,2,...,n}. Prove that 


Q;+agt..+a, <b) +bo +... + dy. 


SOLUTION. We prove this problem by induction. Case n = 1 is obvious. Suppose 
that the problem has been proved for n numbers already. We will prove it for n +1 


numbers. Indeed, by Cauchy-Schwarz, we deduce that 


(a? +a3+...+02,,)(0? +63 +...402,,) > (aby +agbo +... + @n41bn41)”. 


n+l n+l n+l1 
By hypothesis that 57 a? S25 <, SO > b? > >> a;b;. According to Abel formula, 


i=l = 


(by = be) (bi = a1) + (by GA bg) (by + bo —- ay — a2) a ee 


+ (bn — bn41) (so -¥a +0n41 (So -Sa), 


In the sum above, every term except He pee one is non-positive (because for all 


Oo 
lA 
= 
> 

| 
i=) 
eo. 
New) 

ll 


k € {1,2,...,n} we have 6, <bx41 and > b; > > a;, by inductive hypothesis). So we 
i=1 i=1 
must have that 


n+l n+l n+l n+l 
bn 41 (Sa-Sa} >06 2) S ae 
i=1 i=1 2 


Comment. The following stronger result, proposed by Le Huu Dien Khue, can be 


proved directly (without induction) by Abel formula 
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te Let a1, 09,...,Q,, and by < bo <... < by be real numbers such that af +a3+...+ 
a2 <b? + 02 4+...4+b2 Vk e€ {1,2,...,n}. Prove that 


az 

2 so <2 —, 

by tbo +... +bn yy oa 
V 


Example 5.1.7. Let -1 <2) < 7g <1... <n <1 and y, < yo <... < Yn be real 


numbers such that 21+ 29+..+%, =213 +233 +... 4 233. Prove that 
iy, +g yo t+. + on Un < Ty + Loy2 +... + Sa¥n- 
(Russia MO 2000) 


SOLUTION. According to Abel formula, we note that. 


TL 
So vi («33 — xi) = (y1 — ye) (xf? — 21) + (ye — ya) (x8 + 233 — 21 — 22) +... 


n-1l n—-1 
+ (Yn~1 = Yn) (Sar-¥.) +n (So3 13 -So), 
i=l i=1i 


i=1 


Because yx < Yeu1 Wk € {1,2,...,n — 1}, we only need to prove that 


k k k 
5° a} > ye: eS EP (27? _ 1) > 0. 
i=1 i=1 i=l 
Applying Abel formula again, we have 
Yate i? —1) = (a1 — 22) (21? —1) + (eo — 23) (2? +2}? — 2) 4+... 


k-1 k 
+ (p-1 = Lk) (Soa —k+ 7 + XE (#4 -*| : 
i=1 7=1 


j 
Notice that 2; € [-1,1], Vi € {1,2,...,n} so > 2}? < 9 Vi © {1,2,...,k}. Moreover, 
i=l 
because #1; < xq < ... < xR, every term in the above sum except the last term is 
non-negative. If z, < 0, we are done. Otherwise, suppose that x, > 0, then 2; > 


0 Vi > k +1. This implies (by hypothesis) 


a gis < 3 X4 + SoaP 2 dom 


i=k4+1 i=k+1 


Vv 
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Problems solved by Abel formula as above are a bit unusual. The strength of 
Abel formula is shown in inequalities with sequences, where other methods fail. Abel 
formula is also significant in the proof of a very important inequality that will be 


discussed now, rearrangement inequality. 


id 


5.2 Rearrangement Inequality 


Theorem 9 (Rearrangement Inequality). Let (a1,a2,...,@n) and (b1, be,.-.,bn) be two 
increasing sequences of real numbers. Suppose that (i1,72,...,in) is an arbitrary per- 
mutation of (1,2,...,n), then 

aby +agbo +... tanb, > a1bi, + aebig +...4+ ibe. 
If the sequence (a1, 42, .-.,Qn) is increasing but the sequence (b1, bo, ..., bn) is decreasing 
then the sign of the above inequality is reversed. 


PROOF. Notice that a; < ag <... < an and bj < be <... < bn, so according to Abel 


formula, 
Sande — S— andi, = > — an(be — big) 
k=1 k=1 k=1 


a= (a1 — ag) (by _ bi, ) + (ag ~— ay) (by + be _- bi, _ bi.) +... 


n—-l n—-l n n 
(Qn_1 — an) i bk, — Dy, bs} + ay, (>: by — os = 0; 
k=1 k=1 k=1 


k=1 


because for all k € {1,2,...,n}, we have ¥ < % by. 
i= j= 
The theorem is proved similarly in the case with (a1,@9,...,@,) increasing but 
(bi, bo,...,b,) is decreasing. 
V 
In practice, Rearrangement inequality is strong. It can help prove AM-GM 
inequality in a single way. 


Example 5.2.1. Let a1,a2,..,Q@n be positive real numbers. Prove that 


ay tagt... +4, > Yasag...an. 


‘ ‘ Ly 

SOLUTION. WLOG, assume that @1a9...@, = 1 (normalization). Let a, = Bt = 
2 

ZQ Iin-—1 


aa 


r3 In, 


x 
, 21,29, --,2n > 0, then an = "The problem becomes 
xy 


Ly a7) In-1 In 
44.4 S++ 
7) x3 In 1 


>n, 
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Notice that if the sequence (21,22,...,2n) i8 increasing then the sequence 


1 i 1 
(=. yey =) is decreasing. By Rearrangement inequality, we conclude that 
: n n 
er ae? Pea 
pl ea Merk ey Se 


For cyclic inequalities, Rearrangement inequality seems to be very effective. 
Sometimes it’s not easy to realize the use of Rearrangement inequality because it 
is hidden after the normal order of variables is changed into chaos. Being aware of 
Rearrangement inequality in a problem requires a bit more intuitive ability then 


for other inequalities. The following problems will, hopefully, enhance that ability. 
Example 5.2.2. Suppose that a,b,c are the side-lengths of a triangle. Prove that 
a*b(a — b) + b?c(b —c) + c2a(c—a) > 0. 
(IMO 1984, A3) 


SOLUTION. Because a,b,c are the side-lengths of a triangle, a > b implies a? + be > 
b? +. ca. By this property, we deduce that if a > b > c then a? +be > b? +ca > c? +ab; 


1 
also, " < — < -—. According to Rearrangement inequality, we conclude that 
c 


b 
Pe ge =y%<ye = Sab? < Yr a%, 
cyc cyc cyc cyc cyc cyc 


which is equivalent to the desired result. Equality holds for a = b=. 
V 


Example 5.2.3. Let a,b,c be positive real numbers. Prove that 


a? + be bi toa, +ab 
b+e cta a+b 
SOLUTION. Applying Rearrangement inequality for the sequences (a4, 07,c) and 


( 


>atbte. 


Rae ea a = 5) (if a > b > c, then these are both increasing), we get that 


> a* b2 
oe b+e7~ b+e’ 
which implies that 
a* + be b? be 
> = 
De bte 2) Bi aes bte a 
y cye cyc 
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Example 5.2.4. Let a,b,c be positive real numbers. Prove that 


a+b ate b+e b 
ate meet ee he +2. 


(Mathlinks Contest) 


SOLUTION. The inequality can be rewritten to 


Consider the expressions P = b+ 5 a 1) and Q = = bee 5s io By Rearrangement 
inequality, we deduce that 
be 1 ac 1 
apy rey Ue = 
¢ d, a b+e7 2, b bte . 


Moreover, by Cauchy-Schwarz inequality, we can write 


2 
raz (Diss) 


and therefore (because P > Q) we have P > > casey The proof is finished and the 
c 


cyc 


equality occurs if and only ifa =b=c. 


Comment. This inequality can be proved by another nice approach. Indeed, notice 
that for all positive real numbers a,b,c > 0, we have 
c _ (2-6)' | (a~o)(b=0) 


BEM ae a 
boc oa ab ac 


WLOG, assume that c = min(a, b,c). Rewrite the inequality to 


id 


Lo” wraera| ¢-"+ [se eaaern| Ota 


which is obvious because c = min(a, b, c). 
V 


Example 5.2.5. Let a,b,c be positive real numbers. Prove that 


BU Ve «Jere (at+b+c/? 
b+e c+ta atb~ abtbe+ca 
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SOLUTION. The inequality is equivalent to 


y eee LG eae? 


° Yala +s) + Et <(a+b+c)? 


be 
—— < : 
S y (2) (a+b) <ab+be+ca 


cyc 
This last inequality is true by Rearrangement inequality because if z > y > z then 


wy y 8% Sy 
ety” x£+27 ~yt2 


CPY Se PS Aye 3 


Equality holds for a = b =. 
Vv 


Example 5.2.6. Let a,b, c,d be non-negative real numbers such thata+b+c+d = 4. 
Prove that 
abe + b? cd + c?da + d?ab < 4. 


(Song Yoon Kim) 


SOLUTION. Suppose that (z,y,z,¢) is a permutation of (a,b,c,d) such that «> y > 
z>t, then zyz > ryt > xzt > yzt. By Rearrangement inequality, we deduce that 


x-xeyzt+y-cyt+2-xr2t+t-y2t > a*bc+b?cd+ eda+t dab. 
According to AM-GM inequality, we also have 
x-acyzty-cytt+z-xc2t+t- yet = (xy 4+ 2t)(zz + yt) 


1 
< zley + xz -+ yt + 2t)? < 4, 


1 
because cy + yz+2t+tx = (x+z)(y+t) < gett z4+t)? = 4. Equality holds for 
a=b=c=lora=2,b=c=1,c=0 up to permutation. 


V 


Example 5.2.7. Let a,b,c,d be positive real numbers. Prove that 


oe 


( a me b oR c a d 4 
a+tb+te b+et+d -\e+td+t+a - dteatbhy = 9° 


5.0. Abel formula and Rearrangement inequality 95 


(Pham Kim Hung) 


SOLUTION. WLOG, we may assume that a+6-+-c+d = 1. Suppose that (z, y, z,t) is 
a permutation of (a,b,c,d) such that x > y > z > 1, then 
1 
—————— < ee cee < eee < ee : 
xtyt2z7” xtytt7” ec4+24+t y+t2z4t 
By Rearrangement inequality, we deduce that 


a 2 2 2 2 2 

- y z £ 

Ds ( ) a gt z+ gt 2 

a at+bte (c+ty+2) (x+y+t) (x+z+t) (yt+z+t) 
32 y? 32 +2 
© (88 * 027 9)? * a 
oe i? 
Denote m =2+t, n= et ands = (aay + G2ar Certainly, we only need to 


1 : . 
consider the case ¢ < 5° If m = 1 then y = z = 0 and the result is obvious because 


x y? z 


d=) * G2 * Ga * ap 


2 t? 2 t2 


1 
Otherwise, we have m< lands < 2" After a short computation, we have 
n*(2 — 8) — 2n(m — 1)(2m — 1-8) +(m—1)*(m? — s)=0. 


This identity says that the function f(a) = a?(2—s)—2a(m—1)(2m-1—s)+(m— 


1)?(m? — 5) has at Jeast one root a =n. That implies 
4 = (m—1)°(2m — 1-8)? — (2—s)(m— 1)?(m? — 8) > 0, 


or equivalently 


—2m? +4m—1 
8 > rr. 
= Aeeern)? 
y? ee) 
Similarly, we denote p = y+z andt = a + eg The inequality is obvious 


eas 1 ' 
ift> ie a {. Otherwise, 


It remains to prove that 
—2m?+4m—-1. 1-—2m? _ 4 es (2m — 1)?(11 + 10m — 10m?) 526 
Q—me? + (mip 9 Q—mP(m+ip = 
which is clearly true. Equality holds fora =b=c=d. 


V 


a eee 
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According to hypothesis zy + yz+ zx = 1, so we will figure out a number I such that 


21 = ./2(k—1). A simple calculation reveals | = aes and therefore the 


final result 
k(x? +y*) + 2? > awe 


Comment. The following more general problem can be solved by the same method. 


*& Suppose that x,y,z are positive real numbers verifying xy + yz +22 = 1 and 


k,l are two positive real constants. The minimum value of the expression 
ka? + ly? + 2? 
1s 2to, where to is the unique positive real root of the equation 
20° + (kK+14+1)t—kl =0. 


V 


By the same method, we will solve some other problems regarding intermediate 


variables. 


Example 6.1.2. Let x,y, z,t be real numbers satisfying ry + yz+ 2t+te =1. Find 


the minimum of the expression 
Ba? + Ay? phe? 47", 
SOLUTION. We choose a positive number J < 5 and apply AM-GM inequality 


lx? + 2y? > 2valzy, 

Qy? + lz? > ov alyz, 
(5 —l)z? +1/2t? > \/2(5 — I2t, 
1/2t? + (5 —la? > /2(5 — Dez. 


Summing up these results, we conclude that 
Ba? + dy? +52? + 2? > 2V2l(ry + tz) + /2(5 — I) (2t + ta). 


The condition zy + yz + zt + tx = 1 suggests us to choose a number | (0 <1 < 5) 
such that 2V2I = 4/ 2(5 — 1). A simple calculation yields /! = 1, thus, the minimum of 
5a? + 4y? +52? + t? is 2/2. 


Comment. The following general problem can be solved by the same method 
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* Let x,y,z,t be arbitrary real numbers. Prove that 


| 2kl 
okey 42? Hie > ka +yz+22+tz). 
V 


Example 6.1.3. Let z,y,z be positive real numbers with sum 3. Find the minimum 


of the expression x? + y? + 23. 
(Pham Kim Hung) 


SOLUTION. Let a and b be positive real numbers. By AM-GM inequality, we have 


x’? +a” > 2az, 

y? +a? > 2ay, 

2? +b3 +b? > 3b?z. 
Combining these results yields that x? + y? + 23 + 2(a? +b3) > 2a(x +y) + 3b?z, with 
equality for x = y = a and z = b. In this case, we could have 2a+b = x+y+z = 3 (x). 


Moreover, in order for 2a(x + y) + 3b2z to be represented as z+ y + z, we must have 


2a = 3b? (x*). According to (*) and («), we easily find out 


an ENT, ot as 19 ~ /37 
ica: ci aid =e 


3—b 

b ae 
2 

therefore the minimum of x? + y? + z3 is 6a — (2a? + b®) where a,b are determined as 


above. The proof is completed. Fe 


V 


Generally, to handle difficult problems by this method, we need to construct a 
lot of equations then solve them. This work (solving systems of equations) can be 


complicated but unavoidable. The following example presents such a severe trial. 


Example 6.1.4. Let a,b,c be three positive constants and x,y,z three positive vari- 
ables such that ax+by+cz = xyz. Prove that if there exists a unique positive number 


d such that 
2 1 1 1 


d-atdb4+d etd’ 
then the minimum ofx+y+t+z is 


Jd(d + a)(d+b)\(d +o). 


(Nguyen Quoc Khanh, VMEO 2006) 
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SOLUTION. To avoid the complicated condition ax + by + cz = xyz, we will find the 
minimum of the following homogeneous expression 
(ax + by +cz)(xz+y4+2)* 
LYyz , 
Certainly, if the minimum of the above expression is equal to C’ then the minimum 


value of x 4+ y +z is equal to C, too. 


Assume that 7,7, p,m 1,7), p1 are arbitrary positive real numbers such that m+n+ 


p = am,+bn; + cp; = 1. By the weighted AM-GM inequality, we have 


acm (=) + (“)4 z Zs gyre? 
=m{— nla - ———_, 
a ee m n fe p) ~~ mmenppP 


Zz gem ybni yep 
as + by + ca = arm (= ) tom, (+ -) ¢on (= ) 2 
my Pl i a eae 

gomitamybni+2n 22p1+ 2p 


=> (ax +by+cz)(2+y +2)? > ————_,_., 
( y )( y +2) m2M7 2p pV pO" HPI 


x z wes 
with equality for eee a Ste eee Moreover, we also need the condition 
mn pm nm pl 
2m 2n 2p 
am, + 2m = bn, +2n = cp1 + 2p = 1. Denote k = — = — = —, then 


my NY P1 
a b c 
ath aig eee ome cee ba nee Were 
2am +2bn+2cp—=k & am (= +1) 2m (5 +1) p(=+ 


These conditions combined yield that 


a A Re a ON 
Gtk bk €ctk. atk b+k ct+tk k 


Because d is unique, we must have k = d. After a simple calculation, we get that 
2M 2? HP mO™ pM Ph =d"'(d+a)7(d+b)'(d+e)"}, 


and the conclusion follows. 


Comment. This inequality is generalized from the following problem in the Vietnam 
TST 2001 proposed by Tran Nam Dung 
* Let a,b,c be positive real numbers such that 12 > 21ab + 2be + 8ca. Prove that 


1 2 8 15 
See See, 
oor ee 2 


V 


102 Chapter 6. The basic Inequalities — 


In some situations, solving systems of equations to find intermediate variables is 
not at all real computing. Sometimes it completely depends on your own intuition, 
because solving these equations to find roots can be impossible. But you can guess 


these roots! That’s what ] want emphasize in the next example. 


Example 6.1.5. Let x1, 29,...,2n be positive real numbers. Prove that 


Lit frre +... + Y2129..2n Se(e1 + He+...4+2n). 


SOLUTION. Suppose that a1, a@9,...,@n are positive real numbers. According to AM- 
GM inequality, we have 


‘/(a121) - (a2) --- (axtn) < OL Bee on Tee 


1 z a 
=> &/2122...2k S ) Vi: a 
k 71 4/A109....Ak 


Constructing similar result for all k € {1,2,...,n}, we conclude that 


y 4/21 09...Lk sy OKLETk, 


k=1 
where 
1 1 1 
Finally, we will determine numbers (a1, @2,...,@n) for which agrg < e Vk € {1,2,...,n}. 
The form of r;, suggests to find a, for which ¥/a,a9...a@, can be simplified. Intuitively, 


Th = 


kk 
we choose a; = 1 and ag, = (k= 1)F3° With these values we have +/a1a9...ax = 
k Vk € {1,2,...,n}. Therefore, for all k > 1, we have 
ATs, ke ad 1 a : 
ark = eae (et kaa tf 
kk (a ee! i L 1 she 1 1 
= oni k-1 k k k+l “ n-1 nn 


k-1 
= ja =e 
k~-1 ae 


For k = 1, we also have 


Chapter 6 


The Method of Balanced 


Coefficients 


In many problems, grouping terms in order to use classical inequalities is not easy, 
especially for non-symmetric inequalities. In these cases, the coefficients of similar 
terms are normally not equal to each other and therefore we not only have to use 
basic inequalities properly but alsé have to case take care of the equality so that this 
case is maintained throughout the solution. How should use deal with this matter? 
Generally, we need to use additional variables then solve the equations to find out the 


original variables in the end. This method is called the method of balanced coefficients. 


In order to see this important method at work, let’s start with the following simple 


example 

Example 6.0.8. Let x,y,z be positive real numbers and xyt+yz+zz2 = 1. Prove that 
10x? + 10y? + 22 > 4. 

SOLUTION. Let’s first see a nice, short and a bit magic solution, before we give a 

general and natural solution. By AM-GM inequality, we deduce that 2x? + 2y? > 


4ry, 827 4+1/2z? > 4rz and 8y? +1/2z? > 4yz. Adding up these inequalities, we have 


10a? + 10y? + 2? > 4(2y t+yz+ 22) =4. 
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Equality holds for 


r= y 

wey 1/3 
4n=2z o 

z= 4/3. 
4y =z 


This solution really needs to be examined. Some questions are posed: why could 
we separate 10 = 2+ 87 Is it lucky and accidental? Is it obvious? If we separate 10 in 
other ways, such that 10 = 3+7 or 10 = 4+6, do we go get the same final result? In 
fact, every other separation is not effective and the separation 10 = 2+ 8 is not lucky. 
Not surprisingly, we have already used the method of balanced coefficients, which is 
hidden in this apparently obvious solution. Let’s continue with two major means of 
applying this method: balancing coefficients by AM-GM inequality and balancing 


coefficients by Cauchy-Schwarz inequality. 


6.1 Balancing coefficients by AM-GM inequality 


No matter how farniliar you are with balancing coefficients, non-symmetric inequalities 
with a chaotic of coefficients always cause a lot of difficulties. Therefore, using this 
method deftly can help you avoid a lot o computations. The following general proof 


will explain how we got the solution in example 6.0.8. 

Example 6.1.1. Let k be a positive real number. Find the minimum of 
k(x? + y?) +27, 

where x,y,z are three positive real numbers such that ry + yz+22 = 1. 


SOLUTION. We separate k = 1+ (k —1) (with the condition 0 < 1 < k) and apply 
AM-GM inequality in the following form 


la? 4-ly? > ley 
(k — Ux? +1/2z? > /2(k—lxz 
(k —l)y? +.1/22? > ./2(k — lyz. 


These results, combined, yield that 


k(x? + y?) +2? > ary + /2(k—D (xz + yz). 
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6.2 Balancing coefficients by Cauchy-Schwarz and 
Holder inequalities 


A great difference between Cauchy-Schwarz inequality, Hélder inequality and 
AM-GM inequality is the case when equality holds. This feature also leads to differ- 
ent ways to balance coefficients in these inequalities. Let’s contemplate the following 


examples to get an overview. 


Example 6.2.1. Suppose that x,y,z are three positive real numbers verifying x+y + 


z= 83. Find the minimum of the expression 
x? 4+ Qy4 + 324, 


SOLUTION. Let a, b, c be three positive real numbers such that a+b+e = 3. According 


to Holder inequality, we obtain 
(a4 + 2y* + 324)(a4 + 2b4 + 8c*)? > (aFa + 2b¥y + 3c%z)* (x) 


We will choose a,b,c such that a? = 2b? = 3c3 = k3, and if then 


k}2 (2+ y +2z)4 (3k°)4 

4 4 4 

Pe en eet a 

ai + 2y! +32" 2 Cay ob a Bete (ats abe + aens ™) 

The equality in (x) happens when ~ = = =. Because x+y+z=a+b+c=83, we 


geta=2,b=y,c= 2. We find that k = and a = k,b= W/2k,c= Wk. 


3 
14+ 724+ 7 
The minimum of x4 + 2y4 + 3z4 is given by (xx). 


Comment. The following general problem can be solved by the same method 
* Suppose that 2), £9,...,Zn are positive real numbers with sum n and aj, da, ...,Qn 
are positive real constants. For each positive integer m, find the minimum of 
a2) + agrg’ +... +anz;,’. 


By Hélder inequality, we find that the minimum of this expression is na™~! where 


n 


a I ro 
aver +b maya te + mapa 


V 


Example 6.2.2. Let a1,d2,...,Qn be positive real numbers. Prove that 


2 n 1 
—_ eee HC 2 | — 4H — H+. i! 
ay * a, +a # a; tagt...4+@, (= ao =) 
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SOLUTION. Let 21, Z2,...,2n be positive real numbers (we will determine them at the 


end). According to Cauchy-Schwarz inequality, we have 


zi x5 rh 2 
(a, +a +... + ax) += ..+— | > (a) +294+...4+ 2) 
Q) a9 ak 


k k (3 xe =) 
a ar ee 
ay +ag+...+an ~ (1 +2¢2+..+ 2%)? (a1 ae an 
Constructing similar results for all k € {1,2,...,} then adding up all of them, we get 


1 2 n 2 Cl C2 Cn 
a, a@+aq ay t+aqgt...+Q, 7 @, G2 Gn 


where cy, k € {1,2,...,n}, is determined by 


kx} (k + 1)2? nxt 


ck = > ~— 5 ae ee ke 
(ti +aet..+a4)%? (21 +2o+...+ 2441)? rey +22 +...4+2n)?" 


We have to find xz, for which c, < 2 VI < k <n. We simply choose x, = k then 
oi es, fs | = 
kes 2 5G+1) ~ Xj (gale 


1 1 
(oz DD cra 28 (Be aaa) < 


The proof is completed. 
V 


Example 6.2.3. Let 71, 22,...,2n be positive real numbers. Prove that 


2 2 
+ en aa 
+(2 =) ed ed <4 (a2 +02 +... +22). 


2 n 


SOLUTION. Let a1,Q2,...,@n be positive real nurnbers. According to Cauchy- 


Schwarz inequality, we have 


ay we ae 2 
oe ea ie (ay +09 +.. -+ on) 2 (m1 t22+. -+2n)°. 


Rewrite this inequality to 


ai+agt... + OK 2 


2 
xry+ Zo+... 
1 ka 2 


k k2ay4 
ay +agt+... +a, ae 
ka, Be 


(= tatu tee)! e o1toe +. + aK | 


+- 
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Constructing similar results for all k € {1,2,...,2} then adding up all of them, we get 


2 2 
Ly+ Lo M+eot..+2 
t+ ( 5 ) pak (SE te) yet trad + tant 
in which each coefficient yy, is defined by 
Q) + ag+... + aK i ay +g +... + OK41 er ay +ag+... + On 
(k + 1)?a4 a nap, ; 


Vk = ko, 
The solution is completed if there is a sequence (a), Q2,..., Qn) such that 7, <4 Vk € 
{1,2,...,n}. We choose a4 = Vk — V/k—I, then a, +aq +... +a, = Vk. In this case 


eee ee eee ane 
oe BAY (k+1sP ee 8/2 
Notice that (k— 4)(k+ 4) ( k—i4 [i +4) <2k*/?, 80 
ae k+g-Vk-3 1 l 
E32 = = i 
(k— 3)(k + 3) k-% Wk+3 
We conclude that 
1 a. i 1 ie 1 sh 1 
frre Wo a ral et =- IS 
2 2(vVk k—1 
= = (Vk-+ ed 
Ok k—4 k-4 


Comment. The following similar result is left as an exercise. 


we Let 21,22,...,Ln be positive real numbers. Prove that 


3 3 
+ +29 +...4 27 
a a Bs Hcl ca OA Sa Se a <= (2? t+234+...+29). 
2 n 8 
V 


Example 6.2.4. Find the best value of t = t(n) (smallest) for which the following 


inequality is true for all real numbers 21, 29,..-)Zn 


x? + (21 +22)? +... + (21 +29 +... +n)? < ta? +23 +... + 23). 
(MYM 2004) 
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SOLUTION. Let ¢),€2,...;€n be positive real numbers (which will be chosen later). 


According to Cauchy-Schwarz inequality, we have 
k : k 2 
Ss; Lil <Sk oe =a (x) 
i=] i=1 G 


where $1, So,..., 5, are determined as 


k 
Sr = Su ke {15 Zycieg tt fs 
t=1 


According to (x), we infer that (after adding up similar results for all k € {1, 2,... 


n k 2 n n Ss. 
k=1 \i=1 k=1 \j=k Cj 


We will choose coefficients c1, C2, ...,€, such that 


Si + So+...+S), - So+S3+...4+ 5), - 
Cl ~ c2 


After some computations, we find 


¢ = sinia — sin(i — 1)a Vk € {1,2,..., n}, 


1 
where a = = . So t = ——~———- and we conclude that 


n ( k ) n 1 n 
oe? <t #) = eee ee ( #) . 
k=1 \i= » Asin” 3nFi) 2 ; 


»7}) 


Chapter 7 


Derivative and Applications 


We will discuss now one of the most important concepts of Mathematics. Just by 
realizing the great impact of derivatives on the development of Mathematics, you will 
understand how widely and deeply derivatives are affecting the world of inequalities 
nowadays. Therefore it’s necessary for you to comprehend this concept and master it 


as one expert. 


7.1 Derivative of one-variable functions 


The principal objective of derivatives is to help examine one-variable functions. To 
find maximum or minimum of a“function which has only one variable, derivatives 
seems to be infallible work. That’s the reason we believe that every inequality in one 


variable is either solved by derivatives or impossible to be solved. 


The application of derivatives to one-variable functions is not restricted one- 
variable inequalities. In fact, can help you to solve many n—variable inequalities as 


you will see in the following pages. 
Example 7.1.1. Find the minimum value of x*, if x is a positive real number. 


SOLUTION. Consider the function f(z) = 27 = e*™*. Its derivative is f/(z) = 
1 
e™MZ(Inzg +1). Clearly, f(z) =0 #& Inz=-1 #& x=1/e.In (0 :|: f(z) 


1 ‘ : 
is strictly decreasing and in E +00) , f(z) is strictly increasing. That means 
€ 


zeER é€ 


min f(z) = f @ ==. 
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V 


Example 7.1.2. Let a,b,c be positive real numbers. Prove that 
a LF 3 a? b? ce 
32 Ss ae eo ee ae 
B+ 8+a3  ai+tb +c ce&+a?2~ a®+b 
SOLUTION. We will solve the general problem for all real numbers s > t > 0 
as bs re at uF cf 
a 
b§ +c¢9 1 ge Eee = bt + ct Fa ange T Fea pe 


It’s enough to prove that the following function is mcreasing by derivative 
a” b* C 
f(x) = bt + ct age oe pe 
Indeed, after a bit of calculation 


yo at: Ina: (b? +. c*) —a7(b? - Inb—c*- Ine) 
i (x) p >. (bt + ct)? 
a*b* (a* — b*)(Ina —Inb)(2c* + a* + b*) 


2 JE ES Oe og, 
(at + b?)2 (bz + ct)? <— 


Comment. The following general problem can be solved in a similar fashion 


te Let a), 0,...,an be positive real numbers with sum 1. Prove that for all real 


numbers s >t > 0, we have 


8s 3 8 t t t 
ms ba ia ee ete ead ae Nl Ne) oe ee ee 
1—a, 1 — ay “"\l-a,/ ~\l-ag 1—ag "NL an] 


Vv 


Example 7.1.3. Let a,b,c,d be positive real numbers. Prove that 


jab +ac+ ad + be + bd + cd YS 3/ abe + bed + cda + dab 
6 me 4 ; 


SOLUTION. Consider the function 
f(z) = (x—)(x — b)(z — c)(x— d) = x4 — Ax? + Bx? —Cr4+ D 


where 


A=) a, B=) ab, C=) abe, D = abcd. 


sym sym sym 
Since the equation f(x) = 0 has 4 positive real roots, we infer that (by Rolle the- 
orem) the equation f’(x) = 0 has 3 positive real roots, too. Denote these roots 


m,n,p (m,n,p > 0), then 


f'(x) = 4(2— m)(x—n)(z—p) = 423 —4(m+n+4 p)z? +4(mn + np+ pm)z —Amnp. 


7.0. Derivative and Applications 109 


Notice that we also have f’(z) = 423 — 3Az? 4+ 2Bzr — C, so B = 2(mn + np + pm) 
and C' = 4mnp. By AM-GM inequality, we conclude that 


fe a yf ERE > ein = Ve 


Comment. Suppose that 71, %2,...,2n are positive real numbers and dj, do, ...,dn are 


the polynomials defined as 


1 
dp = aa > £129...£n- 


n sym 


With the same method, we can prove the following results 
* (Newton inequality). For all positive real numbers x1, £2, ..., Zn 
Ae ae. 
* (Maclaurin inequality). For all positive real numbers 21,29, ...,2n 
dy Alda Se eS a ds 
Vv 


Example 7.1.4. Prove thatO<a<1<b<3<c< 4 ifa,b,c are real numbers 
satisfying the conditions 
a<b<cat+b+c=6,ab+be+ca=9. 
(British MO) 
SOLUTION. Denote p = abc and consider the function 
f(x) =(z—-a)(x — b)(2 —c) = 2° — 6a? + 92 — p. 


We have f/(x) = 32?—122+9 = 3(x—1)(x—3). Therefore f’(z) = Oorzg =1Vz =3. 


Because f(z) has three roots a < b < c, we infer 
126835 JU) f@) <0. 


Note that f(1) = f(4) = 4—p and f(0) = f(3) = —p, so we have 0 < p < 4° 
That implies f(1) = f(4) > 0 and f(0) = f(3) < O. If f(0) = f(3) = 0 then 
a = 0,b = ¢ = 8 and the desired result is obvious. If f(1) = f(4) = 0 then a = 
b = l,c = 4 and the desired result is obvious as well. Otherwise, we must have 
f(O)F(1) < 0, f(1)F(3)<0, f(3)f(4)<0 and therefore a € (0,1), b € (1,3), ¢ € (3, 4). 
The proof is finished. 

V 
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7.2 Derivative of n-Variable Functions 


If you feel that one variable functions are easy already, if you feel their extremums can 
always be easily found by derivative, let’s take a glimpse at functions of more variables. 
Although it’s much more difficult to find the extremums of functions of n variables, 
we approach these problems is the same as what we do with one-variable functions. 
If there are some conditions that restrict variables, try to change and eliminate these 
conditions and make a new expression where every variable is independent from each 
other, then find the extremum of this new expression as a one-variable function of 


each variable. Let’s see the following examples to clarify the method. 
Example 7.2.1. Let a,b,c be positive real numbers. Prove that 
a? +03 4+ c3 + 8abe > abla +b) + be(b +c) +. ca(e+a). 


SOLUTION. WLOG, assume that a > b > c. Consider the function of a: f(a) = 
a3 +b3 + c3 + 8abe — ab(a + b) — be(b +c) — ca(e +a). We have 


f'(a) = 3a? + 3be — 2ab — b? — 2ac— 2. 


Notice that f”(a) = 6a — 2b— 2c > 0 and f”(b) > 0, so f’(a) > f’(b) = c(b—c) > 0. 
Also, f’(x) > f’(b) = 0, (V)z € (b, a), since f” is linear, therefore positive on (b, a). 
That implies f(a) > f(b) = c(b — c)? > 0. The proof is finished. 

Vv ro 
Example 7.2.2. Let a,b,c,d be positive real numbers such that 


2(ab + be + cd + da + ac + bd) + abc + bed + cda + dab = 16. 


Prove the following inequality 


wf re 


a+b+c4+d> —-(ab+be+cd+da+ac-+ bd). 


(Vietnam MO 1996) 


SOLUTION. By a similar reasoning as in example 7.1.3, we deduce that there exist 


positive real numbers z, y, 2 for which 
4 
Soc= 3 Soa ; >> ab= 25° sy ; S— abe = Aayz. 
sym sym sym sym sym 


It remains to prove that if ry +yz+2zzr+aryz=4thenz+y+2z2>a2y+yz4 22. 
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Certainly, there exist two numbers, say x and y, both greater than 1 or both smaller 
than 1. In this case, (z—1)(y—1) > 0 => zy+1 > 2+y. We denote m = z4+-y,n = xy 


—n 
= Ifm>4thenzg+y+z2>4> 2y+z2+ 22 and the conclusion 


2 
‘ m 
follows. Otherwise, m—-1l<n< oe < 4 and we need to prove 


then z = 


4—n x (4—n)m 


2 +n 
m+n mtn 


m+ 


~# f(n) =—n? +n(m—1) +m? —4m4+4>0. 


Notice that f’(n) = -2n+m—1<-n+m-—1<0,s0 f(n) is decreasing, therefore 


m — m?)(m — 2)? 
(n) 25 () = Sn 50. 


We are done. Equality holds fora =b=c=d=1. 


V 
Example 7.2.3. Let a,b,c be non-negative real numbers. Prove that 
a +b +c 4+ 9abe+4(a+b+c) > 8(ab+be+ ca). 
(Le Trung Kien) 
SOLUTION. We denote 
f(b) = b? + b(4 + 9ac — 8a — 8c) +03 +3 + 4(a +c) — Bac. 


By AM-GM inequality, (a3 + 4a) + (c? + 4c) > 4a? + 4c? > 8ac, so the problem is 
proved in case 4+ 9ac > 8(a+c), with equality fora =c=2,b=Oanda=b=c=0. 
Otherwise, let z =a+c,y = ac then, 8z > 9y + 4. Notice that 


J'() = 31 ~ (Bey ~4), «0 f= 0 @ b= fF 


and therefore 
fe) >f ( eam) - alte — 9y — 4)3/? + a3 + 4a — 3ay — 8y = gy). 


‘ 8a —-4 1 
Because y < * and y < = (that also means xz > 5) as get 


g'(y) = 3 3(8a — 9y — 4) — (82 + 8) < 34/3(8a — 4) — (82 + 8) 
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82 — 


4 
Thus g(y) is strictly decreasing and therefore g(y) > g(t). Ift = then g(t) = 
x? 4+ 4x — 3xt — 8t > 0 (or equivalently a® + c3 + 4(a +c) —8ac > 0). It’s ies 


to consider the remaining case t = = and prove that g(t) > 0. Denote s = = the 


2 
inequality g ( =) = g(s”) > 0 is equivalent to 


h(s) = 2s? — 85? + 88 — 5 e(16s ~ 964 ~ 4)9/? > 0. 
[16s —9s? —4 
Because h’(s) = 6s? — 16s + 8 — (16 — 18s) Sa, if H(s) = 0 for some s 


8+ /28 


then we must have : <s< a and 
3(2s? — 8s + 4)? = (9 — 8s)?(16s — 9s? — 4) 
~ (s—1)(180s* ~ 495s? + 372s — 76) = 0. 


Notice that the equation 189s* — 495s? + 372s — 76 = 0 has exactly one real root in 


8 8+ ¥28 
of Ge 
fora=b=c=lora=b=c=0o0ra=b=2,c=0 up to permutation. 


the interval , So it’s easy to infer that h(s) > A(1) = 0. Equality holds 


V 


Example 7.2.4. Suppose n is an integer greater than 2 and that the n positive real 


numbers 21, 22,...,%n satisfy the condition 


(a1 +234. +29) (S44. +2) <(n+vi0- 3)? 


Prove that every 3-uple (x;,2;,%%) (1 <i <j <k <n andi,j,k EN) can be the 
length-sides of a triangle. 
(Improved IMO 2004, B1) 


SOLUTION. It suffices to prove the following result (that directly solves this problem) 


Suppose that x1 > £9 >... > Lp > O are real numbers verifying x1 > Lo +23, then 


(a +204 ott) (LF +. +2) >(n+vi0- a7 


Indeed, we will prove it by induction. For n = 3, the inequality becomes 


1 1 1 
(1 +22 +23) (— -++ a + =] >10 <= So a1 20(21 + £2) > 7212923. 
2 


cyc 
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Let f(z1) = 0 x129(21 + 22) — 7212923 then 


cyc 
f'(x1) = 224 (xq + 23) + 22 + 23 — Txox3 > 2(xe + 23)? + xy +22 — Trox3 > 0. 
This implies that f(z1) > f(zxe +23) = (xq + 23)?(x2 — 23) > 0. We are done. 


Now return to the problem of n + 1 variables (with the supposition that it is true for 


n variables). We need to prove that 


1 1 1 
(tat tte) (+h tnt ) > (n+ VIB- 2, 
Ty = &2 Intl 


nm n 
Denote A = )> 2; and B = )~ aj", then AB > (n + V/10 — 3)? by hypothesis. Let 
i=1 t=1 


Z= n+ then A/B > 22 > 2? => ./A/B > zx. Denote 


fay] eA) (£+2) = Bet+414AB. 


We have of course f’(z) = B— 4 and therefore f’(z) =0 = 2=./A/B. Thus 


A 2 
f(x) >f (V3) = (i+ VAB) > (n+ VI0- 2)”. 
The inductive step is completed and we are done. 
V 


Example 7.2.5. Let a,b,c be positive real numbers such that 12 > 21ab+ 2be + 8ca. 
Prove that 


ab 


(Tran Nam Dung, Vietnam TST 2001) 


SOLUTION. Although this problem has been solved in the previous part by balancing 
coefficients, it’s seem to be more intuitive to give a solution by derivatives. Let z = 
1 


BS ie We will prove an equivalent problem as follows. 
c 


15 
If x,y,z >0 and 12ryz > 22 + 8y + 21z then P(z,y,z) =z2+ 2y+3z< ot 


Indeed, by hypothesis we have z(12zy—21) > 2x + 8y > 0. So we infer that 12zy > 21, 


or £ > re and z > aor That means 


2z+ By _ 
Ary —7 


f(z). 


P(z,y,2z) > xe2+2yt+ 
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We have of course 


16a7y? — ee sus + 35 
/ — 


7 7 
In the range (Z. +00), the equation f’(z) = 0 has only one root z = zp = rr + 
y o 


f 2414 ; : ; — 
vee At z = xo, f’(z) changes its sign from negative to positive, so f(z) 


Ay 
attains the minimum at zo. It implies 
5 
f(x) = f(z0) = 2x0 — rT ad P(z,y,z) 2 f(z) +2y 2 f(xo) + 2y = g(y) 


where 


9 1 
gy) = 2y + — + Vf 32y? + 14. 


Ay 2y 


A simple calculation will show that 


o'(y) = 0 © (8y? — 9)1/32y? + 14 — 28 = 0. 


Denote t = »/32y? + 14, then ¢ > 0. The above equation becomes t? — 50¢ — 112 = 0. 
5 5 

This equation has only one positive real root t = 8, or y = yo = a’ thus g’ (3) = 0: 

In the range y > 0, at y = yo, g’(y) changes its sign from negative to positive, hence 


5 15 
g(y) attains the minimum at yo. So we conclude that g(yo) = g (3) = — and 


5 
(y) = g(yo) = 2. Equality holds for y = a2 eh ea 3 or 


. We are done. 


Vv 


Example 7.2.6. Let a,b,c be three positive real numbers such that 


i 2 ok 
(a+b+0)(2 Pe =) =16, 


Find the minimum and mazimum value of 
boc oa 
(Pham Kim Hung) 


SOLUTION. We will first solve the problem of finding the minimum value. To find this 


value we can assume that a > b > c because in this case, we have 


ve-ye = 2—He~ ale~ ) <0. 


cyc cyc 


7.0. Derivative and Applications 115 


Denote z = — > 1,y = - > 1. The hypothesis yields that 
1 1 1 

ety+—+—4+-—42y=138. 
zy x y 


1 
Let now x+y=8 and zy =t, then P= s+ ~ and 


s 1 13t—t?-1 
t+—-+==13 = —____ 
Oo el ain t+1 
This relation implies that 
13t-t?-1 1 
P= f(t) = ———__+ -. 
f(é) A a 
Then 
r(t)= (13 —2t)(¢+1)—(13t-# -1) 1 
7 (t +1)? e 
eo es ee ee +1 
~  (t+1)? #2  (t+1)? f° 


It’s easy to infer that 


2 
1 
fj} =0 © (#4+1)(t4+1)? = 150? © (t+2+1) =16 @ t+5=3. 


34+ V5 ae 
Because t = ab > 1, f(t) =0 @& t=tm = a Moreover, the supposition 


x,y > 1 shows that t+1—8s=(2-—1)(y—1) >Oort+1 > s. It implies 


13t-—t?-1 


11+ V105 
————_ > bo. 
t+1 4 


<t+1 6 2t?-11t4+2>0 st> 


Thus f(t) is strictly decreasing. T6 find the minimum of f(t), it’s enough to find the 


maximum of t. Notice that s? = (x+y)? > 4t, so we obtain 


2 
1 
(aa —# -1? >aee+? = (131-7) d4(e+ 7 +2) 


Ly 1 i 1 
= (+3) -30(¢+7) 416130 & (++-7) (++7-28) do 


1 1 
Furthermore, t + . < 23 (because 1 < t < 13), so we must have t + 3 >7 or 


7435 


@—-7t+1<0 et< 5 
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7 5 
For this value of t (1=254), we have s = 2V# = V14+6V5 = 34+ V5 and 


conclude that 
13-5 


1 2 
jes ae ea 
min f(t) ahs 5 EEN 5 


3475 
2 


a 


b 


b : 
with equality for — = - = Vt = and permutations. 
c 


134+ V5 


ae. with equality for 


Similarly, with the same method, we find that max f(t) = 


b 3-5 


a 
b oc 2 


and permutations. 


V 


Each problem has its own features. If you can fathom the particular features, 
you can find particular methods to solve them. For example, you are aware of using 
balancing coefficients to solve non-cyclic inequalities or using symmetric separation 
to solve symmetric mequalities. These solutions are, generally, technical and hard to 
figure out. However, derivatives are different. Although solutions by derivatives are, 
in fact, coarse and require some long computations, they are very natural. That’s the 
reason why derivatives are so important and indispensable in every part of the field 


of inequalities and mathematics as well. 


Chapter 8 


A note on symmetric 


inequalities 


In the beautiful world of inequalities, symmetric inequalities seem to be the most. 
important and most beloved kind. This kind of inequalities also plays a major part 
in Mathematics Contests all over the world and the overview in this chapter is really 
necessary. Although there are a lot of interesting stories regarding symmetric inequal- 
ities that will be unveiled in the following chapters; right now, in these pages, we will 
review three essential matters: primary symmetric polynomials, normalization skill 


and symmetric separation. 


8.1 Getting started 


In general, a symmetric inequality of n variables a;,a2,...,@, can be rewritten as 
f (a1, a9, eagle ) > 0 
where 
f(a1, QQ, J aqatly, ) = f (a;,, Digg sey ai) 


for all permutations (71, %9,...,in) of (1, 2,...,7). 


Because of the symmetry, we can rearrange the order of variables (that means we 
can choose an arbitrary order). Because of the symmetry, we can estimate a mixed 


expression by smaller expressions of one-variable. 
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Schur inequality is a very important symmetric inequality and it would be a 


shortcoming if it wasn’t discussed now. 


Theorem 10 (Schur inequality). Suppose that a,b,c are non-negative real numbers, 


then 
a? +b? + c® + 3abe > ab(a + b) + be(b +c) +. ca(c+a). 


PROOF. Because of the symmetry, we can assume that a >b>c. Let r =a—b,y= 


b—c and rewrite the inequality to the following form 


Sala —b)(a —c) >0 & ex+y)y— (cty)ey + (e+e +y)a(a+y) >0 


= c(a*4+a2y+y") +27(x2 + 2y) >0 


which is obvious because c,z,y > 0. The equality holds for z= y= 0 andz=c=0, 


that means a = b=cora=b,c=0 up to permutation. 
Comment. This inequality is, in fact, equivalent to the following well-known result 
% Suppose that a,b,c are non-negative real numbers. Prove that 
(a+b—c)(b+c—a)(c+a—b) < abc. 
Naturally, we may wonder if the following similar result is true or false 
% Let a,b,c be positive real numbers. Prove or disprove that 
a® + Bf + c§ 4 3a2b?c? > a®(b+c) 4 B8(c+a)4+ (a+). 


Unfortunately, this inequality is wrong. We only need to choose a > 0 and b=. 


There is even no positive constant k such that 
a& + 8 + & + ka?b?c? > a®(b4+c) +B (c+a)+8(a+b). 
However, the following inequality holds 
wr Let a,b,c be three real numbers. Prove that 
ot Peak petttc = “ (a°(b+c)+b(c+a)+c°(a+b)). 
SOLUTION. According to AM-GM inequality and Schur inequality, we deduce that 


3) a® + 307b?c?>2 a8 +S“ a4(b? +c”) 


cyc cyc cyc 
= CS + a4b?) + YS (aé +a'e?) > 25° a®(b +c). 
cyc cyc cyc 


V 
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Theorem 11 (General Schur inequality). Suppose that a,b,c are non-negative real 


numbers and k is a positive constant, then 
a®(a — b)(a — c) + b*(b—a)(b—c) +. c*(c—a)(c—b) > 0. 
PROOF. Certainly, we may assume that a > b > c. In this case, we have 
c*(c—a)(c—b) > 0, 


a®(a — b)(a — c) + b*(b — a)(b—c) = (a —b) ((a*t? — bF*?) + c(ak — bY) > 0. 


Summing up these results, we are done. The equality holds for a = b = c anda = 


b,c = 0 up to permutation. 


Comment. By a similar approach, we can prove that the mequality is still true if 
k < 0. Morever, if k is an even integer, the inequality is true for all real numbers a, b, c 


(not necessarily positive). 


V 


Example 8.1.1. Let a,b,c be nonnegative real numbers with sum 2. Prove that 
ave ae fabes or Lh +e. 
SOLUTION. According to the fourth degree-Schur mequality, we have 
att+bt+c44+abe(at+b+c) > a(b+oQ +b (c+a)+h(a+b) 
or equivalently 
2(a4 +.b4 +c*) + abe(a ++ b+c) > (a? +08 +)(a+b+4+c). 


Putting a+b-+c = 2 into the last inequality, we get the desired result. Equality holds 


fora Sh=¢Cc= 3? or a = b= 1,c=0 or permutations. 
V 


Example 8.1.2. Let a,b,c be positive real numbers. Prove that 


ae ip? ee . & 
FS SE Se OOH a es 
Jb +e) +3) afte +a)te®+a8)  y/(e+.b)(a? +08) ~ 2 


(Pham Kim Hung) 
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SOLUTION. By Holder inequality, we deduce that 


a 2 3 
(x ase (He+90+2)) - =") | 


So it is enough to prove that 


3 
4 (x=) 2 9S a (b+c)(b +c?) 


cyc cye 


eS 45° aa: 3S at(b? +c?) + 24a7b?c? > Gabe} *a?(b +c). 
cyc eye eye 


According to the third degree-Schur inequality 57 a?(b +c) < }>a? + 3abe, so it’s 
cyc cyc 
enough to prove that 


4\° a& + 3 SS a4(b? +c’) > > abe + 3076? ¢? 
cyc cyc cyc 
which is obvious by AM-GM inequality because 
25 ~a = > (a8 +b9) > Sab? (a? +b?) = Sat (BP +c?) 22) adbe > 60° bc. 
eye cye cyc cyc cyc 


We are done. Equality holds for a= b= ce. 
V 


Example 8.1.3. Suppose that a,b,c are non-negative real numbers. Prove that 


a? ? o 


ee ee ee eee 
2b beh oe | 22 ea bd + Dt ob te =! 


(Vasile Cirtoaje) 


SOLUTION. According to Cauchy-Schwarz inequality, we deduce that 
3 52 e (a? + B? +c)? 
2b? — be + 2c? ~ a?(2b? — be + 2c?) + b?(2c? — ca + 2a?) + c?(2a? — ac + 2b?) 
eye 
It suffices to prove that 


2 
(x#) > 5° a? (2b? — be + 2c?) 2 S (a4 + abe (s+) >2S°a7b?. 


cyc cyc eyc cyc cyc 


According to the fourth degree-Schur inequality, we conclude that 


Sat + abc (x) > S| ab(a? +7) >2 55 0?b?. 
“yr 


aye \ucye eye 


We are done. Equality halds for a =1b = ¢ and.« = 8,.c =|0 or permutations, 


V 
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Example 8.1.4. Let a,b,c be non-negative real numbers. Prove that 


. ats . + Z Zatbte 
b?-—be+c? c2~cata? = a*—ab+b? — : 


SOLUTION. Applying Cauchy-Schwarz inequality, we have 
y 43 7 ¥ aA (a? + b? 4 2)? 
a b? —be+c2 = a(b? — be +c?) ~ ¥ a(b? — be +c?) 


cyc 


It remains to prove that 


(Ze) 2 (Lew mee) (Ee) 


or 
So at +25 ab? >(a+b+c) Sa(b+ c)— Babe 5 a 
cyc cyc cyc cyc 
or 
S- at +abeS a > S a3(b + €). 
cyc cyc cyc 


This is exacly the fourth degree-Schur inequality, so we are done. Equality holds for 


a=b=cora=b,c=0 up to permutation. 
V 


Example 8.1.5. Let a,b,c be non-negative real numbers. Prove that 
a? /b? — be + 2 40° ce? —cata24+eVa2?—ab+h? <a +b3 43. 
SOLUTION. Applying AM-GM inequality, we have 
Sa? Vb? — be+ c? =av/a?(b? — be +c?) < 5 ale? +b? +c? — be). 
cyc cyc 
Then, by the third degree-Schur inequality we get that 
25. a _ Sa(a? a — be) = ye + 3abe — S| ab(a + b) > 0. 
cyc cyc cyc cyc 


We are done. Equality holds for a = b = c or a= b,c =0 up to permutation. 
V 


Example 8.1.6. Let a,b,c be non-negative real numbers. Prove that 


3 3 3 
= Z >a+hP 4c. 


pee t+ ees t+ SS? 
Vb?—be+c? Vet-cata* Va?—ab+b? 
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(Vo Quoc Ba Can) 


SOLUTION. Applying Cauchy-Schwarz inequality, we deduce that 


ye a3 x (a? + b? + ¢?)? 
Je —be+ 2 ~ aVvb?—be+ 2 +bVe — ca ta? +cVa2 — ab +82 


cyc 

So it is enough to prove that 
Save? —be+e2 <a? +b? 4+’. 
cye 


Cauchy-Schwarz inequality yields that 


(ss ev=tera) < (x») (Dae - tee) , 


cyc cyc cyc 


Thwn, by Schur inequality we deduce that 


(xe) - (s») (spa(*—te+ 2) = Sra! abe Sra Sa(b+0) 20. 


cyc cyc cyc cyc cyc cye 


The proof is finished. Equality holds for a = b= c and a = b,c = 0 and permutations. 


V 


8.2 Primary symmetric polynomials 


Suppose that 21, 22,...,2n are real numbers. We define their primary symmetric poly- 


nomials for each k € {1,2,...,n} as follow 


S_ = y fi eeak 
in which the sum is taken over all {¢1,79,...,i%} C {1,2,...,}. 
An important and classical result on primary symmetric polynomials is that 
% Every symmetric polynomial of x1, 22,...,2n can be expressed as a polynomial 
with variables the primary symmetric polynomials of 21, 22,...,2n- 


The proof of this theorem won’t be showed here and it would better be solved 
by yourself as an algebraic exercise. According to this theorem, examining symmetric 
expressions can be turned into examining primary symmetric polynomials. In this 
part, however, we only concentrate on applying primary symmetric polynomials in 


proving three-variable inequalities. 
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Example 8.2.1. Let a,b,c be positive real numbers with sum 2. Prove that 
a®b? + b?c? + ca? + abe < 1. 
(Pham Kim Hung) 
SOLUTION. Because a + b+ c = 2, the inequality is equivalent to 
(ab + be+ ca)? < 14 3abe. 


Denote x = ab+bc+ ca and y = abc. We are done if x < 1. Otherwise, x > 1, and by 
AM-GM inequality, we deduce that 


[[(++-9 < [abe => 8[[G—-a) < [| abe => 84+ 9y > 8x. 


cye cyc cyc 


So it suffices to prove that 


2? <1 4 5(82 ~8) © 327-8 +5<0 © (x-1)(82—5) <0 


< =. The equality holds fora = b=1,c=0 up 


wl & 


which is obvious because 1 < x < 


to permutation. 


V 


Example 8.2.2. Suppose that a,b,c are non-negative real numbers such that a? + 


b? +c? = 1. Prove the inequality 
b 
atb+es Va+ ia : 


SOLUTION. We denote x =a+b+c, y = ab+bc+ ca and z = abc. By the fourth 


degree-Schur inequality, we have 


Si at +abe} a> Sab +e) 


cyc cye cyc 
2 2 
bs o moh, ( «) + 6abe bs . > (x: “) (x: x) 
cyc cye cye cye cyc 
2y27+y-1 


(x) 


— Qy? >y @& z> 
@& 1-—2y*+6rz>y z> 6x 


1 ; 
Notice that x = ,/1 + 2y, so if y < gr we have done (because 7 < V2). Otherwise, 


according to (x), it suffices to prove that 


9(2y? +y —1) 
V1+2y S$ V84 “Fa 
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JItzy _ 92y—1)(y+1) 
MOT) ay 


1 
Because 1 > y > 3? we conclude that 


vity v3 ew < yt) 
V24+J/1+2y7~ V34+V2 167 24 © 


1 
Equality holds for a = b = Va’ c= 0 or permutations. 


V 


Example 8.2.3. Let a,b,c be positive real numbers satisfying abc = 1. Prove that 
if fs 1 i 1 2 1 - 1 i 
lfatb 1l+b+ce Ateta 2+a 246 2te 


(Bulgarian MO 1998) 
SOLUTION. Denote S$ = 5° a, P = >¢ ab, Q = abc. By some calculations, we get that 
cyc cyc 
1 S? 44S 4+3+4P 
d, S+i—a S?4+28+PS+P’ 


1 12+4S+ P 
ae Dien — 9448 42P° 
cyc 
So it suffices to prove that 


§$?44S434P 124+4S+P 
$2428S4+ PS+P-— 94484 2P’ 


which is reduced to 
(3P — 5)S? + (S—1)P? + 6PS > 24S + 3P + 27. 
Because abc = 1, we deduce S, P > 3, therefore 
LHS > 4S? + 2P? + 6PS > 12S + 6(P —1)S +6S + 2P? 
> 248 + 3P 4 (P? +6S) > RHS. 
Equality holds for S = P = 3 or equivalently toa =b=c=1. 
V 


Example 8.2.4. Let a,b,c be positive real numbers. Prove that 


a b ey Cc 
b+te cta 


4 abc Sys 
a+b 2(a8+68+4+c) ~ 3° 
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(Pham Kim Hung) 


SOLUTION. WLOG, we may assume that a+ b+c= 3. Denote x=ab + bc + ca and 


y = abc. Then we have 
abc y 


a+B+3  274+3y—9z' 
3 a 27+ 3y—6s 


b+e 32 —y 


cyc 


We need to prove that 


27+ 3y —6z y a 5 
3x2 —-y 2(27 + 38y — 9x) ~ 3 
By AM-GM inequality, [] (3 — 2a) < [] a, so 9+ 3y > 4x. Moreover, the left hand 


cyc cye 
side of the above expression is a strictly increasing function of y, so it suffices to prove 


that 
27 + (4x — 9) — 62 (4x2 — 9) <2 


8¢—1(4xr—9) * 6(27+(4x—9)—92x) — 3 
3(18 — 22) 4x —9 5 3(3 — x)(153 — 50z) 
9452 ° 6(18—5z) ~ 3 2(9+4+ 5x2)(18—52) ~ ’ 
which is obvious because x < 3. Equality holds for x= 3 0ora=b=c=1. 


V 
Example 8.2.5. Let a,b,c be real numbers with sum 3. Prove that 
(1ta+a’) (146+ 87) (1+c+c’) > 9(ab+ be + ca). 
(Pham Kim Hung) 
SOLUTION. We denote 
g=atb+c, y=ab+bce+ca, z= abe. 


According to the hypothesis, x = 3, so we can rewrite the inequality to 


2+z2t1+) (ata*)+) abt) a7b? +abc (Sas >) +) > a (b+0) > 9y 


sym sym sym sym sym sym 
& 2 +e+ltat(2?—2y)+yt (y? — 2az) + 2x(2+y) + 2y 322 Qy 
& 2?-22414 (e-y)—-2(e@—y) + (e—y)? + 82y > 9y 
@ (z-1) —(z-1)(@-y) + (z-y)? 0. 
The last inequality is obvious. Equality holds for z =1,z=yora=b=c=1. 


V 
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Example 8.2.6. Let a,b,c be positive real numbers such that abe = 1. Prove that 


1 1 1 1 
it3a’1436'143c'Itatbye 


(Pham Kim Hung) 


SOLUTION. We denote z =a+b+cand y = ab+bc+ ca. Then the inequality can be 
rewritten to 


3+ 6x + 9y 1 1 29 — 3x 
_—_ >1 6 — > —_ 
284+3249y 1l+27 l+z2 ~~ 284 3x + 9y 


> 827-197 + 9y+3>0. 
Denote z = = Because y? = (ab+ be+ ca)? > 3abe(a +b +c) = 92?, it follows that 
y > 3z. Therefore it suffices to prove that 
2724 — 5727 +272 43>0 & 3(z—1)(922 + 92? —10z —1) > 0, 
which is obviously true because z > 1. Clearly, the equality holds fora =b=c=1. 


Vv 


Example 8.2.7. Let a,b,c be non-negative real numbers with sum 1. Prove that 


ab + be+ ca 


——_—___—______. > 8(a7h? + 
a? + b? + c? + 16abe — (a c+ c'a’). 


(Pham Kim Hung, MYM) 


SOLUTION. Denote x = 4(ab + be + ca) and y = 8abc then we obtain 


24h 4eqa1—2 ; Ov 4BPe 4 ear =, 
2 16 4 


We can rewrite the inequality to the form 
2x > (4— 2x + By)(x? — 4y) 
«> x(x —1)? > 4y((x —1)(z + 2) — 4y) 
«> x(x — 1)? + 16y? > 4y(* —1)(2 4 2). 


. 4 
Obviously, 2 < 2 If x < 1, we are done immediately. Otherwise, suppose that x > 1. 
By the third degree-Schur inequality, it’s easy to get 8(z — 1) < 9y. Considering x 


aS a, parameter in |1, 


4 
;| , we will prove that f(y) > 0, where 


f(y) = 16y? — 4y(a — 1)(x + 2) + x(@ — 1)”. 
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Indeed, notice that z > 1, so f(y)*is an increasing function because 


f(y) = 32y — 4(x —- 1)(x + 2) > 2 sen) —4(xz —1)(x+ 2) 


‘ Bis ae alee 6 


Therefore, it’s sufficient to prove that f (C8 2) > O0or 


1s. (A2=4 vy’ 7 >) @- 1)(x+2)+2(2-1)? >0 


1024 448 _ 23 
ee et fae > — > — 
seer e (2 e£+2)4+2>0 6 aoe 


4 
which is true because x < 3 The problem has been completely solved and equality 
holds for a = b= > c = 0 or permutations. 


Comment. We have a similar inequality as follows 


* Let a,b,c be three side lengths of a triangle whose perimeter is 1. Prove that 


ab+ be+ ca 
a2b2 4 b2¢? 4+ c2a?2 4 abe 


V 


< 8(a? +b? +c’). 


Example 8.2.8. Let a,b,c be non-negative real numbers with sum 2. Prove that 
a? +b? 4c? > 2(a3b3 4 b8c3 + cha? + 407? c*). 
(Pham Kim Hung) 
SOLUTION. Write p = ab+ bc+ ca and q = abc. The inequality can be rewritten to 
(a+b+c)? —2(ab+be+ca) > 2(ab+bce+ ca)? —6abe(a+b+c)(ab+be+ca) + 1407b*c?. 


& 2—p>p>—6pqt+ 7¢”. 


8p — 8 : ' . . 
vs, then g > r according to Schur inequality. Consider the 


Let r = max {° 7 


function 
f(q) = 79? — 6pq + p® +p —2. 


Since f’(q) = 14q — 6p = 14abe — 3(a + b + c)(ab + be + ca) < 0, we deduce that 
f(q) < f(r). If p <1 then r = 0 and we can conclude that 


{QS fr) =p? +p—2= (p—-1)(p? +p +2) <0. 
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8(p — 1) 


If p> 1, we getr= , and the inequality f(r) < 0 is equivalent to 


7 (SP=DY' 6p (SEY) + +p42) <0 


8(p—1) 16 
D2 PP ie phe eS 4 


tp _ 28 <4 
81 3 


8181 
4 

This last inequality is true since p < 3" Equality holds fora = b = 1c = Oor 

permutations. 


V 


8.3. Normalization skill 


An important technique that is frequently used in proving symmetric inequalities is 
normalization. To understand this technique, we first need to clarify the difference 


between homogeneous functions and non-homogeneous functions. 


Definition 2. Suppose that f is a function of n variables a1,a9,...,€n. We say that 
f is a homogeneous function if and only if there exist a real number k such that 


f (tay, tas, sin bOey) = tk f(a1,@2, sinh Os) Vt, a1, Qo, wey An E R. 


Almost all inequalities we have seen so far are homogeneous. In this case, a con- 
dition between variables 21, %o,...,%n such a8 41 + 2%o+...4¢ 2, = 7 Or 212Q...%n = 1 
is meaningless (because we can divide (or multiply) each variable by arbitrary real 
numbers but the result of the problem is not affected). Sometimes, the condition only 


helps simplify the appearance of the problem, as with the following example 


Example 8.3.1. Suppose that a,b,c are three real numbers satisfying a? +b? +c? = 3. 


Prove the following inequality 
ak(b+c)+B(ct+a)+c(a+b) <6. 


SOLUTION. Certainly, the inequality is non-homogeneous. However, the condition a? + 


b? + c* = 3 can help change it to homogeneous as 
2 
ak(b+c)+bB(ct+a)+(at+b) < 3 (2 +b? 4+. ¢*)?. 


Rewrite this inequality to 


2) at +45 07h? > 35 _ abla? + 8°) 


cyc cyc cyc 
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@ > (a4 + 64 — 3ab(a + b) +.407b?) >0 & S“(a—b)4+35  abla—b)? > 0, 


cyc cyc cyc 


which is obvious. Equality holds for a = b= c, and theona=b=c=1. 

Comment. Consider the general problem as follows 
% Suppose that a1,02,...,a, are non-negative real numbers such that a? + a3 + 
+... +02 =n. For what value of n then the following inequality holds 


a3(ag +a3+...+@n) +a3(a1 +a3+... +n) +..+03(ay+agt...+@n—1) < n(n—-1)? 


Only two numbers satisfy this condition: n = 3 and n = 4. If n = 4, the inequality 


is (after changing a1, a2, a3, a4 to a,b,c, d) 


4) a8 (b+c4d) < 3(0? +0? +c? +d?) 


cyc 


oe S (ao + 64 — 4a%b — 40a + 60b?) >0 = SY (a-b)* 20. 


cyc cyc 


V 


Changing non-homogeneous inequalities to homogeneous inequalities as above 
seems to be very intuitive. But what about the reverse? Is it unreasonable if we change 
a homogeneous inequality to a non-homogeneous one? Does it have any meaning? To 


answer this question, let’s see an example 


Example 8.3.2. Let a,b,c be non-negative real numbers. Prove that 


fab + bc + ca . a/(a+b)(b+c)(c+a) 
3 = 8 : 


SOLUTION. WLOG, suppose that ab+be+ca = 3. By AM-GM inequality, we deduce 
that a+b+c> 3 and abe < 1. Therefore 


(a+ b)(b+c)(c+a) = (a+b+c)(ab+ be+ ca) — abe = 3(a +64 c) —abe > 8 
se fab + be+ ca wie s/[ (a+ b)(b+ )(e+a) 
3 8,99 8 
The proof is completed. Equality holds fora = b= c. 
V 


Let’s review this solution. Its exceptional feature is the step of assuming that 


ab + be + ca = 3. Why can we do so? In fact, if a = b = c = 0, the inequality 
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is obvious. Otherwise, let a’ = a =-,¢ = ° (tf > 0). The inequality is true 


: fe: ab+ be+ca 
for a,b,c if and only if it’s true for a’,b’,c’. Just choose t = ,/-——-——— then 


a’b!+b'c’ + da’ = 3. Because the inequality is true for a’, b’, c’ (as we proved), it must 
be true for a,b,c. 
Let’s analyze another fact. What happen if we suppose that a+b+c= 3 or 


abc = 1 instead of ab + be + ca = 3? However, they do bring us either a much more 


complicated solution or even nothing. 


The procedure we used is called normalization. This skill is widely applied for 
homogeneous inequalities because these inequalities allows us to suppose anything 
that we need: a+b+c = 3,ab+bc+ ca = 3, etc. Sometimes, solutions by normalization 


are unexpectedly short and nice as in the following examples 


Example 8.3.3. Let a,b,c be non-negative real numbers. Prove that 


(Qa+b+c)? | (2b+c+a)? (2c+a+b)? _. 
2a? + (b+c)? 2b?4+(c+ta)* 2c?+ (a+b)? ~~ 


(USA MO 2003) 
SOLUTION. By normalizing the expression with a+ b+ c¢ = 3, we reduce the left 
expression to a simpler form 


(3+ a)? (3 +b)? (3 +c) 
2a? + (3—a)? * 262 +(3—b)? © 2c? + (3—c)?’ 


Notice that 


3(3+a)? — a? 4+6a4+9 _ 8a +6 
2a24+(3—a)? a? -2a4+3 — (a—1)? +2 
6 
e414 am =4a +4. 


We conclude that 


3+)? 1 
erence, Sa a (244328) = 8 


cyc 


Vv 


Example 8.3.4. Let a,b,c be non-negative real numbers. Prove that 


(b+e-a)? | (cta—b)? | (at+b—c)? _ 8 
(b+c)?+a? (c+a)?+b2 (a+b)?+e2 7 5 
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(Japan MO 2002) 


SOLUTION. WLOG, we may suppose that a 4- 6 +c = 3. The inequality becomes 

(3 — 2a)? 3 1 ee 
ee ee ee 
a Gaai os > =e ao  S 
eye cyc 


Just notice that 


5 = 2(a — 1)(a — 2) 
Bier -1) De 2a? — 6a +9 


cyc 


2(a—1)  (a—1)*(2a +1) —2(a—1) | 
= ( + Gorey 5 a 


eye eye 


V 


Example 8.3.5. Let a,b,c be positive real numbers. Prove that 


(2a+b+ce)? | (2b+e+a)? | (2e+a+b)? 12 
4a3 4-(b+c)3  4b3 +(e+a)2 42 4-(a+6)3 ~ atb+e 


(Pham Kim Hung) 


SOLUTION. Suppose that a 4- b+ ¢c = 3. The problem becomes 


(3 +4)? 
dia +G-aF (3 —a)3 <4. 


Notice that 


(3 +a)? 4  (a—1)(—4a? — 15a + 27) 
4a3 +(3—a)3 — a 4a3 + (3 — a)? 
= 2  (a—1)(—2a? ~— 12a — 9) 2(a —1) 
SC Gi = acesqs = 


We conclude that 


(3+)? 4  2(a-1) 
ee ae ne = 4, 
Gap *dXu\3t 3 : 

cyc cyc 
V 


Example 8.3.6. Let a,b,c,d be non-negative real numbers. Prove that 


a b c d 5 3v3_ 1 


Pete Atta B Tete ibaa 2 Veit+Prer¢d 
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SOLUTION. WLOG, assume that a? +- b? + c? + d? = 1. The problem becomes 


b d ae 
ee ema eee es 
1l1-—a? 1-b? 1-2 


By AM-GM inequality, we get 


i-@ = 2 


oN? 2 
2/4 _ p72 _ 72 [i = 97\ <= > —a’. 
2a°(1 —a*)(1 0) < (5) = a(l “Es 5 7 
Therefore we conclude that 


vitae f (ne) - 8 


cyc 


Equality holds for a = b = c,d = 0 up to permutation. 
V 


Example 8.3.7. Let a,b,c be non-negative real numbers. Prove that 


3 
a i b " c 4 3Vabe > 
b+e cta atb 2(at+b+oc) 


(Pham Kim Hung) 
SOLUTION. Applying Cauchy-Schwarz inequality, we get 
aS (a 4+-b+ 0)? 
b4-c ~ = Qab+ be +- ca)” 
We normalize a 4- b+ c = 1 and prove that 
1 


3 3 
—+4- > 
mt 3 abc > %, 


1 1 
where z = ab+be-4-ca < 3 Ifz< q: We are done immediately. Otherwise, by Schur 


inequality, we have 9abc > 4x — 1 > 0, so it suffices to prove that 


ss + Bye PS? 
or 
323(42 ~—1) > (42 —1)3, 
or 


(42 —1)(8a —1)(z? —5e¢ 41) >0; 


1 
This last inequality is true since ri <2< ; (therefore z? —5z +1 < 0), and the 
desired result follows. Equality holds fora = b=cora=b,c=0. 


V 
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Example 8.3.8. Let a,b,c be non-negative real numbers. Prove that 


1 1 1 9 
$f. 
(a+b)? (+e)? ' (eta)? — d(ab+ bet ca) 
(Iran TST 1996) 
SOLUTION. We normalize ab + be+ ca = 1. The inequality becomes 


4 S (a + b)?(a +c)? > 9(a + b)?(b+ 0)? (e+)? 


cyc 
or 
4(1 4-0”)? 4. 4(1 +b)? 4+ 4(1 4’)? > 9(2 +b 4+ c— abc)’. 


Denote s =a+b+c. We can rewrite the inequality in terms of s and abc as follows 
4(s4 — 2s? } 1 + 4sabc) > 9(s — abc)’. 
If s > 2, we get the conclusion immediately because 
LHS > 4(s* — 2s? +1) = 9s? + (s? ~ 4)(4s? — 1) > 9s? > 9(s — abc)? = RHS. 
Otherwise, we may assume that s < 2. According to Schur inequality, we get 


Sat 4- abe) a > S > ai(b +c) = babes > (4 — s?)(s? — 1). 


cyc eye eye 


Moreover, 9abe < (a + b 4- c)(ab +- be 4+- ca) = 8, so we conclude that 
LHS — RHS = (s? — 4)(4s? — 1) + 34sabe — 9a7b?c* > (s? ~ 4)(4s? — 1) + 33sabe 
2 2 il 2)/ 2 3 2) (62 
> (s* — 4) (4s =) ae \(s ga) a )(s° — 3) > 0. 
This ends the proof. Equality holds for a = b = ¢ or (a, b, c)=(1, 1, 0). 
Vv 


Example 8.3.9. Let a,b,c,d be positive real numbers. Prove that 


abc ; bed 2p 
(d+-a)(d+b)(d+ce)  (a+b)(a+c)(a4+d) 
cda. dab 


1 
TE 4+ a)(b + ¢)(b +d) id (c+a)(c+b)\(e+d) 23 
(Nguyen Van Thach) 
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SOLUTION. Denote z = = y= es a= ., i= > the inequality becomes 
° 28 y3 
G@ivne@taer)  wraw+au+)” 
oe e 1 


4 at ee 
(z+a)(z+y)(z+t)  (t+z)(t+y)(E+2) ~ 2 
WLOG, assume that z+ y+2+t=4. By AM-GM inequality, we have 


(e+y\(xt+z2)(et+t) < (« +- ytetty’ = (« +- 1-2) = (0 +2)%. 


So we only need to prove that 


x3 y? 2 4 
at os tos to 2 
(eras * w+as 428" 4a rh 
But, it is easy to check that 
3 a — 1)2(—2?2 4. a 
z 2x 1_ Az I)(-a" + 6a +4) o4 


(242) 27 27(x +2)? i 


because 0 < a < 4. We can conclude that 


This ends the proof. Equality holds for z =y=z=t=lora=b=c=d. 


V 


8.4 Symmetric separation 


Review example 8.3.4 in the normalization section. 
How does one final the following inequality, which solves the problem earl? 
1 et fle tT) ? 
2a? —~ 6a +975 25 
In this part, we will explain how to use "symmetric separation”, an approach that 


has been used previously. 


This approach can help us solve many problems which are represented in the form 


f (2x1) +- f (x2) See f (zn) > 0. 


Indeed, to prove such inequalities, we will find functions g(z) such that f(z) > g(z) 


and 
9(21) + 9(z2) +... + 9(2n) > 0. 


Let’s consider the following example 
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Example 8.4.1. Let a,b,c be positive real numbers such that abc = 1. Prove that 
1 1 1 

a Se 

3a? + (a — 1)? : 3b? 4- (b — 1)? os 3c? 4-(e-—1)? — 

(Le Huu Dien Khue) 


SOLUTION. We want to find a real constant k such that 


1 1 
ee 
3a? 4- (a —1)? — 31 mae 


{f there exists such a valid number k, we can conclude (notice Ina + Inb+ Inc = 0) 


1 
D rece t#(Sm] =. 


cyc eye 


Denote 


1 1 


Notice that a = b = c = 1 makes up one case of equality. We predict that such a 


number k will bring about f’(1) = 0. Since 
—824+2 is 


MO) Gare (e—eP2 


? 


we infer k = = In this case, 


His BPEL wf Bh = R= Tile? 1), 
P= Gate (ee! | 82 82 (Se? + (eT 


Unfortunately, the equation f’(z) = 0 has more than one root, so the inequality 
f(x) > 0 is wrong (in fact, if we let z — 0 then f(z) — —oo). However, from the 


\ 


1 
derivative of f(z), we can at least obtain that f(x) > f(1) =0 for all ze E oe: 


1 
So if all a,b,c belong to E +00) , we have are 


1 1 2 
———— > ———-] =]. 
Tae 2 L(G 3 na) 
cyc cyc 


1 1 
What if some numbers among a,b,c are smaller than 3° Suppose that a < 3 then 


3a? + (a ~— 1)? < 1 and the problem becomes obvious 


1 1 
> oes Pl . 
Da @ ap ~ 3a? + (a ~ 1)? ~ 


cyc 
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We are done. Equality holds fora =b=c=1. 
V 
Making up the estimation 


1 1 
——__——_— > = e | 
3a? 4- (a — 1)? 2 tklna 


is a technique called "symmetric separation”. If it’s hard to prove >> f(zi) > 0, 
cyc 


we can separate this sum into smaller components f(z;) > g(zi) then prove that 
>> g(zi) = 0. Also, g(x) should be guessed from the data given in the hypothesis: if 


eye 
the hypothesis is 2)Z2...2, = 1, we may predict g(x) = kInz (k is a constant); if the 


hypothesis is z} +22 +...+2n =n, we may predict g(x) = k(x—1); if the hypothesis 
is 2? + 224...4+ 22 = n, we may predict g(z) = k(x? — 1), etc. Notice that these 
predictions must also depend on the case of equality (for example, above predictions 


of g(x) are based on the case 7] = 22 =... = Zp = 1). 


How do we figure out a valid number k? Suppose that f(z) has derivative and 
you predict that case 7) = x9 =... = XZ, = 1 makes up the equality then, is given by 


f'() =0. 


Although in some situations, the inequality f(z) > g(x) doesn’t hold for all z in 
the required range, it can hold for a large range of xz and the work left may easy, as 


in example 8.4.1 when we examined case a < 2 


Example 8.4.2. Let a,b,c be positive real numbers such that abe = 1. Prove that 


1 1 1 


pee cee <3 
ae A 


a I a a 
(Vu Dinh Quy) 


SOLUTION, First, we will prove that 


1 
Be es eS : 
f(z) Poepi tie 1>0Vze (0,1.8] 
Indeed, we have 
f(a) = S20 lh =e Seed) 
(z?-a24+1)2 2 (2-2-1)? © 


3 


The equation z* = x? + 1 has exactly one real root in (0, 2], so it’s easy to infer that 


max f(x) = max{f(1), f(1.8)} =0. 


0<2r<1.8 


8.0. A note one symmetric inequalities 137 


Therefore we are done if all a,b,c are smaller than 1.8. Otherwise, we suppose that 
a> 1.8. If a > 2 then we have 
1 1 1 1 Le a. 
So SS ooo tt oes et oe ett 8 
Woe |. Oe ea! 2 2 = 
a*—at1~ 24-241 (b— 3) +3  (c-4)°+3 a Lo. 


cyc 


So it’s enough to consider the case 1.8 <a < 2. WLOG, suppose that b > c. Because 


1 
a <2, we must have b > —. If a> 1.9 then we can conclude by 


V2 
a ee. 
7 ea ek 18 doar tet 3 
Ifa < 1.9 then b > am and we also conclude by 
Vasa set: i = ta 
an —~at+l 1.84 —1.8+4-1 ts-yrotl 3 


The proof is finished. Equality holds fora =b=c=1. 


Comment. Taking into account example 2.1.9 we can solve this problem differently. 


Notice that 


ye Cc 
So 
a? 4-1 a 1 1 
= <4 > 
ae#~a+ 1 Pies: a+t17— Ds 2—a+l1 Serra 
B BAG) nes 
use — e conclu =a ee 
cea A ) 20 tati = = Oe gta. 
V 


Example 8.4.3. Suppose that a,b,c,d,e, f are six positive real numbers satisfying 
abcde f =1. Prove the following inequality 
2a +1 2b+-1 2e+1 | 2d+1 s 2e+1 2f4+1 
atat+1' B+b4+1° e+et+1 d?+d4+1 ec? +e4+1) f?+f4+i7 © 
(Pham Kim Hung) 


SOLUTION. Consider the following function with z > 0 


te og IE a, 


AC ae Rrra: 3 
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We have certainly 
yy wee? -2e4+1 1 — (g-1)(23— 32? -6r—1) 
a= (14-2422)? © 89 — 32(1 4+ 24-22)? ; 
Notice that the equation z* = 32? 4-6z +1 has exactly one real root zo in (1, +00). 


Since 4 < zp < 12 we have 


max f(z) =max{ (1), f(12)} = 0: 


O<2r<12 
If all a,b, c,d,e, f are smaller than 12 then we conclude that 
1+ 2a Ina 
1+— | =6. 
ene) 
cyc cyc 


Otherwise, suppose that a > 12. Notice that 
711 +2427) ~6(1+42z) = 72? —5z+1>0VzeER, 


so we deduce 
1 + 2a 142-12 5-7 


L+at+a?—14124+12 °° 6 


cyce 


We are done. Equality holds fora =b=c=d=-e=f=1. 


< 6. 


V 


Example 8.4.4. Suppose that a,b,c,d are positive real numbers satisfying abed = 1. 


Prove that : i F 
l+a 1+ +e Lae 
Eee apn ae ce 
fe Tie ee Tae 


(Vasile Cirtoaje) 


SOLUTION. Consider the following function with x > 0 


We obtain | 1)(23 » 3 1) 
ina Ae He Se 
TAs 2x(1 + x?)? ; 


3 = 7? 4 3241 has exactly one real root zo and 4 > zp > 1 it’s 


Since the equation z 
easy to get 
max, fie) = maxt{ sl) f(4)} = 0. 


O<z 
If all a,b, c,d are smaller Elian 4 then we are done because 


l+a Inz 

eee meepunincks (rey, 
vite cy (1 Mt) a0 
ceyc cyc 


oe 
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Now suppose that a > 4. Since 21(1 +2”) —17(1+2) = 21z?-172+4 > 0, it follows 


that 
= 4. 


lta | 14+4 , 3-21 
Des 1a ae 
41+a?~1442 ° 17 


The proof is finished. Equality holds fora =b=c=d=1. 


V 


Example 8.4.5. Suppose that a,b,c,d,e, f are six positive real numbers satisfying 
abcde f = 1. Prove the following inequality 
a-1 b~1 c-1 d-1 e-—1 f-l 
a a eS <0. 
a®=tat+ 1 are ; e+e+l1 ; d@4+d+1 e%+e41 Ep. [es oe 
(Pham Kim Hung) 


SOLUTION. Consider the following function with z > 0 


—1 Inz 


j@=a; rors i ie 


Notice that 
g~ 1)(—23 — 6x? — 3x41) 


tga = 
pM ie 3x(z? 4- x 4-1)? 


1 
The equation z? +- 6x? + 32 = 1 has exactly one real root zo and clearly, zo > 5 


Therefore 


max, f(e) =max{ ff (5) b =o. 


1 
If all a,b, c,d, e, f are greater than rE we are done because 
Ina 


a-—l 
eS ee ane Oe 
yar = 3 
cyc cyc 


has the derivative 


Now suppose that a < a Because the function g(x) = ae STE a +1 


—z2? +2742 1 
CF een irae at < d 
g(x) (aeeiy we infer g(a) <g a) an 


espe) =o(409) 
and therefore we conclude that 
1 
g(a) + 9(b) + 9(c) + 9(d) + 9(e) + of) S 9 (i) +59 (1 a v3) <0 


V 
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Example 8.4.6. Suppose that a,b, c,d,e, f,g are positive real numbers such that a+ 
b+ct+td+t+et+f+g=7. Prove that 


(a? —a 4+1)(b? —b+1)(2 —c+1)(d? -d4+1(e? -—e+ 1)(f? -—f +19? -g +1) 21. 
(Pham Kim Hung) 


SOLUTION. The inequality is equivalent to 
So In(@? ~—a+1)2>0. 
cyc 


Consider the function f(z) = In(z? — z +1) -—z+1. We have 


(z~1)(2-2) 


f(a) =$ = 


It’s easy to get that 


in f(z) =min{ f(1), f(2.75)} = 0. 


min 
O<2<2.75 
If all a,b, c,d, e, f,g are smaller than 2.75 then we are done 


SIn(a? ~ a +1) > S-(l-a)=0. 


cyc eyc 


3 
Otherwise, suppose that a > 2.75. Since 2? —z+-1> i VczeR, 


S In(o? —a+1) >In (2.75% —2.75+1)+6-In @ > 0. 


eye 


The proof is finished. Equality holds fora =b=c=d=e=f=g=1. 
V 


Example 8.4.7. Let a,b,c,d be positive real numbers such thata+b+c+d= 4. 


Prove that 
1 f 1 1 j 1 ; 2 n b? n “2 n 2 
a? b? : re d? = , 


(Pham Kim Hung) 


SOLUTION. Consider the following function of positive variable z 


1 2 
=e 4x — 4, 
+e) 3 z+ 4z 
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We clearly have 


—2(2 -1)(23 — x? —x—-1) 


—2 
ea, Serre 3 


Zz 


The equation f’(x) = 0 has exactly two positive real roots. One root is 1 and one 


root is a number greater than 1. 


max f(x) = max{f(1); f(2.4)} =0. 


O<2<2.4 
If a,b, c,d are smaller than 2.4, we get the desired result since 
1 
TS-Tet=L soz 
cyc cyc cyc 
Otherwise, we may assume that a > 2.4 >b>c>d. Since b+c+d < 1.6, we get 


Py, 0 27 
+>+ 


poe —_—_ > —_———_ ‘ 
Boa f= Grenade 


(i). The first case. a < 3. We have the desired result since 
a? +b? + c&4d? <a? +(b+c4+d)? = 
=a? + (4—a)? < 3?417=10, 


since 3 >a> I. 
(ii). The second case. If a > 3. Similarly, we get 


1 1 1 27 


=+>t > 27 >16 >a 442 4a?. 
b c 


Spe = 
d? ~ (b+c+d)? — 


Therefore the inequality is proved in every case. Equality holds fora =b=c=d=1. 


V 


Chapter 9 


Problems and Solutions 


After reading the previous 8 chapters, to discover a higher level of inequalities. In 
this chapter, there are 100 collected inequalities from recent mathematics coutests 
and creations of some authors trom all over the world. I hope they will depict a 
colorful picture so that. you can appreciate their beauty. Perhaps, solving thoroughly 
100 problems will cost you a remarkable amount of time, so, just see them as an 
interesting game of imagination, play with them rather than “work with them”. If 
you can solve 70 problems, you are really good. If you can solve 90 problems, you are 
absolutely brilliant. If you can solve all, you must be a genius of inequalities. Take 


your time. 


143 
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Problem 1. Let a,b,c be non-negative real numbers such that a+b+ c= 3. Prove 
the following inequality 
(a? — ab + b*)(b? — be + c?)(c? — ca +a”) < 12. 
(Pham Kim Hung) 


SOLUTION. WLOG, assume that a > b> c. Certainly, we have 


Poabete<t’, 


a? 004.07 < ce. 
It suffices to prove that 


M = ?b?(a? — ab +b’) < 12. 


Denote z¢ = ~ >Oands= a < Rewrite M into the form 


M = (s? — x*)?(s? + 32). 
Applying AM-GM inequality, we obtain 


3 
(3? — x"). = (s? —2*)-(s? + 327) < Ga <27 > 7M <27 > M <12. 


Equality holds for a = 2,b = 1,c = 0 up to permutation. 
Comment. By the same approach, we can prove the following results 


* Let a,b,c be non-negative real numbers. Prove that 


OS ee 
b2—be+c2 ct—cata? = a®—ab+b? ~ 
(b) ene eee eee ee ee ee 
Ve —be+ 2 Ve—caata® Var®—abt+h ~~ 
1 1 1 6 


(c) 


% Let a,b,c be non-negative real numbers and a? + b* + c* = 2. Prove that 


ee 
b2 — be + c? Weg eq ae ape eee ea — ab+be+ca 


8(a? — ab + b*)(b? — be +. c*)(c? — ca ta”) <1. 


To prove them, we carry out the same procedure. Suppose that a > b > c then 
a? — ac +c? <a? and b? —bc+ c? < b?. The problems are changed to simpler forms 


in two variables a and b only; the remaining work is easy. 


V 
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Problem 2. Suppose that a,b,c are positive real numbers. Prove that 


Ege 1 1 1 7 1 ss 9 
GQ? 0.7 3 lta 1+b 1l+c/ 7 1+abe 


(Walther Janous) 


SOLUTION. By Rearrangement inequality, 
1 1 1 1 1 1 


nda) B40) eee) Be) ea) ae)? 


Hence the inequality will be proved if these relations are fulfilled 


1 3 1 3 
Dire Tees 2 ied = Take 
We choose to prove the first inequality (the second one can be proved similarly). Let 


_ ky ,_ ke ,_ ke 


a = —. Therefore the inequality is rewritten into the form 
2 


1 3 y 3k 
Sean erees eee a 
ig, Pe 714R ° Lite 7B 


cyc 


According to Cauchy-Schwarz inequality, we have 


2 
yg ea 


z+ke ~ (k+1)(zytyz+zx) ~k+1 


cyc 
So it suffices to prove that 
3 s 3k 
k+1~1+k° 


# (k—1)?(k +1) >0, 
which is obvious. The equality holds for =y=2z,k =1 @ a=b=c=l. 
V 


Problem 3. Let a,b,c be positive real numbers satisfying a? +b? +c? = 3. Prove that 


a b Cc 


oT oe ye es 
Puts Waders e208 


i 
5 
(Pham Kim Hung) 


SOLUTION. We certainly have a? +1 > 2a, b? +1.> 2b, c? +1 > 2e, therefore 


1a ee . a 
(Decwee 2 B(a + b+ 1)" 


Oye 
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It remains to prove that 
y—— <1 6 )— 2 
a+b+17— a+b+17— 
cyc cyc 


Notice that a® + b? + c? = 3, so 


S-(b+ I(a+b+1) =343) a+) abt Soa? = 3 (a+b+c+83). 


cyc cyc cyc cyc 
According to Cauchy-Schwarz inequality, we deduce that 


3 b+1 (a+b+c+3)? - 
we atbtl (b+ Vlatbti t+ (c+ Yb+e+l)+(atijetat]) 


The proof is finished. Equality holds fora =b=c=1. 
Vv 


Problem 4. Let 21,29,...,2n be positive real numbers and x1X9...2, = 1. Prove that 


2 2 


Mteot.. +2 — +...+ , 

eae Re Teme | 1+ 29 1+ 2n 
(Pham Kim Hung) 
2 22; 
SOLUTION. Because 2 — mee , the problem can be rewritten to 
1+; 1+ 2; 
yay 
cyc 


According to AM-GM inequality, we conclude that 


“tnt Pat aa Sy (aH) ; = eres 


cyc cyce 
2 -F+ Der ae tna lle+ § fll =0 
cyc cyc cyc cyc 
This ends the proof. Equality holds for 21 = 29 =... =a, =1. 
V 


Problem 5. Prove that for all positive real numbers a,b,c € [1,2], we have 


i 1 \ iQ b Co 
b | 
(a+ ZG eae =)2 6(ctope toes): 


(Tran Nem Dung, Viet Nam'TST 2006) 
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SOLUTION, Instead of the condition a, b,c € [1,2], we will prove this inequality with 


a stronger condition that a,b,c are the side lengths of a triangle. Using the identities 


(s+) (xi 2) - ~92 So (Sse) -: -~ Se 


cyc cyc cyc cyc 


the inequality is equivalent to 
Sa(b—c)? + S4(c — a)? + S-(a — b)? > 0 


where S,, S,,S_ can be defined as 


1 3 ee Te eee: eee 
an a (a+b)(a+c) ’ ae (b+ c)(b+a) ’ ae (c+a)(c+b) 


WLOG, suppose that a > b > c, hence S, > Sp > S,. Notice that 


Because a < b+ c¢, we have 


3 Dee eee _ 3 ie 3 
2b+e 2c+b/ Z+e A%+b 


RHS < —— 
b+e 


By Cauchy-Schwarz inequality, we get 
tot (ghoeata)-i(bed-ats) H(4F-wta)20 
We conclude S, + S, > 0, which implies that Sg > S, > 0 and 
Sa(b—c)? + Sy(c— a)? + S.(a — b)? > (Sp + S,)(a — b)? > O. 
Equality holds for a = b = c or a = 2b = 2c up to permutation. 
V 


Problem 6. Let a,b,c be positive real numbers such that a + b+c¢=3. Prove that 


2+ta 2+b 2+ce 
ci oe Oe 


a? +b? +c? > 


(Pham Kim Hung) 
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SOLUTION. (Cauchy reverse) By AM-GM, we deduce that 


2+a _ ate =e) b(2 +4) S _ 3Vabe 
2+b 4 2(2 +b) 2 37 Zoe 
cyc yc 
So it’s enough to prove that 
3 2 
Sra " Sviabe > (a+ “+ c) 


cyc 


= Soa? +3(a+b+c)Vabe > 2 ab. 


cyc cyc 
Let x = Ya,y = Vb and z = */c. By AM-GM inequality and the sixth Schur 
inequality, we have the desired result immediately 
Se +2yz 5°29 > Say +z)= S > zy(24 Lye ys ca 
cyc cyc cyc cyc cyc 


The equality holds fora =b=c=1. 
V 


Problem 7. Let x,y,z be non-negative real numbers with sum 3. Prove that 


x y Zz 
f ‘i ,/—— > V3. 
Toye = tore [ae 


(Phan Thanh Viet) 


SOLUTION. According to Cauchy-Schwarz inequality, we deduce that 


or ee eee 
qe NAt2y2 Oe far/a? + 22%yz 
(x+y+z)? 
ae Va? + 2x2yz + y+ Jy? + Qy2za + /Z- fz? + 2z2%2y 
(x+y +2)? 


ee 
~ (at yt z) (a? + y? + 2? 4+ Qayz(e@ +y 4 2z)) 


So it’s enough to prove that 


(E+) 25(E#) +o (E>) 
& (==) > (=) (=) + 6ryz (x=) # 3) a(y-2z)? 20, 


cyc cyc cyc cyc 
which is obvious. The proof is finished and equality holds for a = b = c = 1 and 
a= 3,b=c=0 up to permutation. 


V 


9.0. Problems and Solutions 149 


Problem 8. Let a1,@2,...,Qn be positive real numbers and a1Q9...an = 1. Prove that 


Vlta?+l+a3+..4+ Sl +a2 < V2(a1 +49 +... +n). 


(Gabriel Dospinescu) 
SOLUTION. From the obvious inequality (,/z — 1)* > 0, we see that 


1+2? 
2 


9 +2? 
<(x-vVze+l1)? => 5 +Jfa<1lt+z. 


According to this result, we have of course 
n n Tn n 
So ita? < V2S ai+ V2 (n- > va) < V2 (s-« 
i=l i=1 i=l i=] 


n 

because AM-GM inequality yields that }° \/aj > n. The conclusion follows and 
i=l 

equality holds if ay) = ag =... =a@n = 1. 


Comment. We can solve this problem by using symmetric separation. Indeed, con- 


sider the following function 


f(a) = V1 +2? - Vae4 (v2- =) Inc. 


Since 


fi@) =a v2+ (v2 +5) : 
(a — 1) [209 +2 - 1-22? a(.+2)) 


Notice that 1 + 2x?,/2(1 + x2) > 1+ 22?(1+ 2) > 223 + 2 so we infer that f’(z) = 
0 «+ x=1. It’s then easy to deduce that max f(z) = f(1) = 0. Therefore 


yo ieed s v2D a (v2-) Yin = v2 a 


V 


Problem 9. Let a,b,c,k be positive real numbers. Prove that 
a+tkb b+kce . c+ka ecard 
atke b+ka ct+kb~b ¢ a 


(Nguyen Viet Anh) 
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SOLUTION. We denote 
b c 
gc SEPT oe suse 1+k-£ 


= 7 = 8. 
1+k ee Tek? 


According to Hélder inequality, we get 


Il (1+ =) > (1+ 4), 


cyc 


or equivalently XY Z > 1. Now rewrite the inequality into the following form 


y (¢- S45) 20 pe yo Sa 2 ye 
eye 


0 
cyc¢ b(c + kb) 7 cyc Bb 

GetIe=)) ne ae rae. ee ae | 

> lS eee er ted eres ae ee 

2 eiy (e+ iY Deoe 445+ Ze ttets 


which is true according to AM-GM inequality because 


xX XxX Z XZ 
Pilg VL ye ly 


Equality holds for X = Y = Z = 1 or equivalent toa =b=c 


Vv 


Problem 10. Let a,b,c be positive real numbers such that abe = 1. Prove that 
1 1 


1 1 
Galera) briera 


@ Piers) — 2 


(Pham Kim Hung) 

SOLUTION. By hypothesis abc = 1, so there are three positive real numbers 2, y, z for 
; z 22 : : 

which a = a b=—= =e The inequality becomes 


Bearers 
L« (a? + yz)(20? + yz) ~ 2" 


According to Cauchy-Schwarz inequality, we deduce that 


LHs > (a? +y? + 2)? 


~ (2? + yz)(2x? + yz) + (y? + 2x)(2y? + 2x) + (2? + xy) (22? + zy)’ 
It remains to prove that 


2(a? + y? +27)? > So (2? + yz)(22” + yz) 


cyc 
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= 3S ay? > a) eye = So 2*(y —z)?>0, 
cyc cyc cyc 
which is obvious. Equality holds for z = y = zora=b=c=1. 
V 


Problem 11. Let a,b,c,d be non-negative real numbers such thata+b-+c+d=4. 
Prove that 
a? +b? +¢% +d? —4 > 4(a—1)(b—1)(c—1)(d—-1). 


(Pham Kim Hung) 
SOLUTION. Applying AM-GM inequality, we get 


a? +b? 4+ 4d? —4=(a—1)? + (b—1)? + (c— 1)? + (d—1)? 
2 4y/|a —1)(b— 1)(e— 1)(d— 1). 


It suffices to consider the inequality in the case a > b > 1 > c > d (in order to have 
(a —1)(b—1)(e—1)(d—1) > 0). Sincea+b<4 ande,d <1, 


(1-o(1-d) <1; 


(a+b—2)? <1; 


CS 


(a—1)(6-1)< 
Therefore we reach the desired result since 
Vi(a= 1) We=N@- DN] = (@—1)(-1)(e- (d= 1) 
Equality holds for a =b =c=d=1,a=b=2,c=d=0 and any permutations. 
V 


Problem 12. Let x,y,z be distinct real numbers. Prove that 
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=342 5405 goer My F Le 2 


cyc cyc cyc cyc 
“55-55 vals) (x2 t) asst ap 
ce cyc cyc cyc cyc cyc 
x? zx zx 
=e tg tay 
ss (Z+2+2-s) 20 
z y «£ 


We conclude that 


£ y 
(etait Gite)? (eee 


as desired. Equality holds for all triples (z, y, 2) such that = + 7 + 2 = 2. 
V 
Problem 13. Let a,b,c,d be non-negative real numbers with sum 3. Prove that 
ab(b +c) + be(e + d) + cd(d +a) + da(a +b) < 4. 
(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that b--d<a+c. We have 

ab(b+ c) + be(e + d) + cd(d + a) + da(a + b)= 

= (a+ c)(be + da) + (b+ d)(ab + cd)= 

= (a+c)((a+c)(b+d) — (ab+ cd)) + (b+ d)(ab+ cd)= 

= (a + c)?(b+ d) + (ab+ cd)(b-+d—-a—c)< (a+c)*(b+¢). 
Finally, AM-GM inequality shows that 

2(a + ¢)?(b+d) = (a+c)(a+c)(2b+4 2d) <8 > (at+e\(b4+dy <4. 

Equality holds for a = 1,b = 2,c = d = 0 and permutations. 


Vv 
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Problem 14. Let a1,a9,...,a, be arbitrary real numbers. Prove that 


> la; +.a,| 22) ell 


t,j j=1 


(Iran TST 2006) 


SOLUTION. Separating the sequence (a), d2,...,@,) into two sub-sequences of non- 


negative and elements 
{a1,@2, ...,@n} = {bi, be, ...,b-} U {-e1, —c2, ..., -¢s}, 


with n=r+s, b >OVie {1,2,...,r}, ¢ > OVI € {1,2,..., 8}. 


Let R= > b; and S = = cj. The inequality becomes 
i=l j=1 


>I ~ol42r oh +239 >n (S>s Es] 


i=1j=1 


# 25°50 [bi -oj| > (s—r)(R-S). 


i=1 j=1 


WLOG, suppose that s > r. Clearly, we only need to consider the case R > S. Hence 


YE w-al2 (sb; —S)=sR—rS. 


i=] j=l 


We will prove that 
AsR—rS)>(s—r)(R-S) @& S(s—r)+r(R—-S)+sR—-rS > 0, 


which is obviously true because s > r and R > S. Equality holds if and only if 
lai| = |ag| = ... = |a,| and in the set {a1,a9,...,a@n}, the number of the negative 


terms is equal to the number of the non-negative terms. 
V 


Problem 15. Let a,b,c be non-negative real numbers. Prove that 


3(a +b +c) >2 (vo + be + Ve + ca + Ve ab). 


(Pham Kim Hung) 
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SOLUTION. WLOG, we may assume that a > b > c. Hence 
Vb? +ca+ Vc? +ab < V2(b? +c?) + 2a(b +c). 


We need to prove that 
2(b? +c?) + 2a(b +c) +2Va? + bc < 3(a+b+4+ 0c). 


Let s= 5(6 +c). Squaring both hand sides, we obtain an equivalent inequality 
8(b? + & + 2as) < 9(a + 2s)? + 2(a? + bc) —12(a + 2s)V/a? + be 


& (a—2s)? + 20be > 12(a + 28) (vo? + be— a) 
Clearly, 


Ape Sb ie OO 
~ at+vVa+be~ 2a 


So it suffices to prove that 


6 
(a — 2s)? + 20be > la + 2s)he 


12(a — s)be sg 


& (a—2s)? + 2be+ 
which is obvious because a > s. Equality holds for a = b,c = 0 or permutations. 


V 


Problem 16. Suppose that a,b,c are three non-negative real numbers. Prove that 
1 n 1 i 1 " 10 
a2 +62 be +ct#  c&@ +a? ~ (at+b4+c)? 
(Vasile Cirtoaje, Nguyen Viet Anh) 


SOLUTION. WLOG, assume that c= min(a, b,c), then 


2 
2 
+e < (a+) ay 
24 2 cy? C\? 2 2 
a+b < (a+) + (6+) =a +y 


9.0. Problems and Solutions 155 


P 1 1 
We used Holder: (z + y)(x + y) (= a =) > 8. Equality holds for a = b,c = 0 or 


permutations. 
Comment. This solution can help us create a more general problem 


% Let aj, Q2,...,an be non-negative real numbers. Find the marimum k such that 
the following inequality holds 


1 ik 1 k 
yyy Fp sae bee $a ee 
ag taz+...ta2 a?+az4+...4a2 at +a24...402_, ~ (a, $ag+... +n)? 


WLOG, suppose that a, > ag > ... > a,. Denote a = a, + >> a; and b = ag+ 
i=3 


5 > aj. Clearly, a? + > a? < a?,b? + Ya <b? and for all k € {3,4,...,n} 
1=3 j=3 j=3 


nm 
a? +02 + >. aj <a? 428". 
J=1, GK 
Case a3 = a4 = ... = Gn = 0 makes up the equality in all above inequalities. Therefore 
it’s sufficient to examine the following expression for positive real numbers a,b with 


a+b=1 
n—-2 1 1 


i ghaagy © ga” EE 
Denote x = a? + 6 (z > 5) then 2ab = 1 — z, therefore 
n—2 4x 
org eae 
: 1 
Notice that z > 37 80 
fay= Srey Ere) > 0, Wn < 14. 


xz (1—z)3 ~ 


Hence if n € {3,4,5,...,14}, we can conclude that 
f(z) >f (5) =2n+4 >sk=2n+4. 


If n > 15, the function 4x22(1 + x) — (n — 2)(1 — z)® = 0 has exactly one real roots 
greater than : (because f (4) < 0). Suppose that xo is this root, then k is exactly 


n-2 Axo 
ler Zo (1 — xo)? 


We can prove by a similar method the next problem. 
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* Let a,b,c,d be positive real numbers. Prove that 


1 1 1 1 + 1 i 1 1 1 S 243 
a + b8 e+e +d B+ B+4+d3  c&4d3 ~ Wat+b+c4+d)? 


V 


Problem 17. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
(14+ 07)(14+8)(14+c?)(1+d?) > (at+b+e+d)’. 
(Pham Kim Hung) 


SOLUTION. Because abcd = 1, there are two numbers between a,b,c,d both not 
smaller than 1 or not bigger than 1. WLOG, suppose that they are 6 and d, then 
(b—1)(d—1) > 0. Applying Cauchy-Schwarz inequality, we get 
(1 +a7)(1 +8?)(1 +¢7)(1 +d?) = (1 +0? +b? +. 07b?)(c? +14 d? + ¢’d?) 
> (ec+a+bd+1)? > (atb+c+d). 


Equality holds fora =b=c=d=1. 
V 


Problem 18. Let a,b,c be positive real numbers such thata+b+c=1. Prove that 


ab ne be ca 2 1 
Vab+be VJbe+ca catab~ /2 
(Chinese MO 2006) 


SOLUTION. The above inequality is equivalent to 
De 1 eS a +6 a*b < 1 
Vaan 2.2 Ver oja+y * a 


Using weighted Jensen inequality for the concave function f(z) = x, we obtain 


_ } 4a? 207b 
ie ican » ene er 


It remains to prove that 


a’b 1 
Press hea 4 


cyc 


= 4) 07b(b +c) < (a+b+c)|](a+o) 


cyc cyc 
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S 25° 0??? < S-a(b+0), 


cyc cyc 


Co] = 


which is obvious. Equality holds fora =b=c= 
7 V 


Problem 19. Let x,y,z be non-negative real numbers such that x+y +z=1. Find 


the maximum of 
2-y y—2 z-2 


ZY yz Vzet+en 


(Pham Kim Hung) 


SOLUTION. First we consider the problem in the case min(z, y, z) = 0. WLOG, sup- 
pose that z = 0, then x + y = 1 and therefore 


Lea sagt vi- Vi=2—- yt+fy—Ve=u(v - 1), 
in which u = Jz — /y,u = Jet /y and u? + v? = 2. 
Denote u?(v — 1)? = (2 —v?)(u ~ 1)? = f(v) We have f’(v) = 2(u — 1)(2 + v — 2v?) 


and it’s easy to infer that 


max =f 


i<usV2 


14VJi7\ 71-1717 
an, ee 


So if min(z, y, z) = 0 then the maximum we are looking for is 


71 —17V17 


= 32 


This result also shows that if min(z, y,z) = 0 then 


zZ—-y y-2 zZ-£ 
+ ++ <kJ/ctytz (* 
VEty Vvytz2 Vz4+27 (*) 


Now we will prove (x) for all non-negative real numbers z, y, z (we dismiss the condi- 
tion z+ y + z = 1 because the inequality is homogeneous). Denote c= /z+y, b= 
Vitz, a= /y +z. The problem can be rewritten in the form 


2_ 2 _ 72 2_ 2 
b* —a ae b yee -< Sz /o2 +62 4 es 
c a 


& (a= 5)(b—dle-a) (Stat a) Sa = VEEP (wt) 


b 
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WLOG, suppose that c = max(a, b,c). If a > b, then the conclusion follows immedi- 
ately. Otherwise, suppose that b > a. Because c* < b? +a?, there exists an unique real 
number t < a for which (a —t), (b—t), (c—t) are side lengths of a right triangle (that 
means (a — t)? + (b—t)? = (c—t)?). Clearly, if we replace a,b,c with a—t,b—t,c—t, 
the left-hand expression of (**) is increased but the right-hand expression of (**) is 
decreased, so we conclude that it is enough te consider (**) in the case when a,b,c 
are three side lengths of a right triangle. That means a? + b? = c? or z = 0, But the 


case z = 0 has been proved above, so we are done. 
V 


Problem 20. Let x,y,z be three real numbers in [—-1,1] such thatxz+y+z = 0. 
Prove that 


Vitaety?+Vlty4+2274V1l4+24+2? > 3. 


(Phan Thanh Nam) 


SOLUTION. First, we will prove that if ab > 0 then 
Vl+a4v14+60>14+vV1+ea+b. 


Indeed, after squaring, the inequality becomes 


2+a+b4+2V/(1+a)(1+b) >2+a+b64+2V1l+a+b 


= (l+a)(1+6)>1+a+b # ab>0O, 


and we are done. Notice that between x+y?,y +2z?,z+27, at least two numbers have 
the same sign. WLOG, we may assume that (x + y”)(y + z?) > 0, then the above 


result shows that: 


Vl+a2+y4Vltyt+24+vV1424 2? 
Plt+Vl+tat+ytyt+2274+V1l42+2? 


=144/(Vi-z242) +4 (ViFe)? +22 


2 
ee (Vi-z+2?+ viF2) +(2+y)? 


2 
1+ ( l—2+27+4VI¥2) + 22, 
It remains to prove that 


2 
(Vi-z2427 4 Vi +2) 422>4 
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@ 227 42V142>2 6 2(2—2)(z4+1)>0, 
which is clearly true because |z| < 1. Equality holds for z = y = z = 0. 
Comment. By a similar approach, we can prove the same result with four numbers 


* Let x,y, z,t be real numbers in [-1,1] such thatz+y+z+t=0. Prove that 


Vltze+y24+Vltyt+24vVl4z4+l + Vl 4+t4+ 22 >4. 
V 


Problem 21. Suppose that a,b,c are three non-negative real numbers satisfying ab+ 
be+ca=1. Prove the inequality 
1 1 1 


+ 
c cta 


SS 
aie 


g 

+ 
o 
on 
+ 


(Berkeley Mathematics Circle) 


SOLUTION. We denote z = a+b-+c and z= abc. The inequality becomes 
25 (a+ b)(a +e) > 5] [(a+ 6) eS 6+25 a? > 5(a+6+c— abc) 
cyc cyc cyc 
& 22? —5242452>0 © (x—2)(2e—1)4+52>0. 


If x > 2, we are done. Otherwise, suppose that z < 2. Because 
(a+b—c)(b+c—a)(e+a—b) = (x — 2a)(x — 2b) (x — 2c) < abe. 


we obtain 9z > 4x — z°. So it’s enough to prove that 


4¢ — x 
(x — 2)(2¢ —1) +5 > 0 (x — 2)[18e -9 —52(2+2)] >0@ 


& (x — 2)[—5x? + 8x — 9] > 0 
which holds because z < 2. Equality holds for a = b = 1,c = 0 or permutations. 
Comment. We have a nice and similar result as follows 


* Let a,b,c be non-negative real numbers and ab + bc +ca = 1. Prove that 


: + : geo he Ses 
a+b b+e cta atb+c7— 


Proor. Ifa+b+ce< 2 then this problem deduced from the above result. Now suppose 
thata+b+e>2anda>b->c, then 


1 Th! 1 ab+be-+-ca ab+t+be+ca 1 _ 
Sena b+e else atb+c 


cyc 
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1 e(1 + ab) 1 1 1 
= og — > —— 5. —_ b+c)> 
mre eae 1+¢? Pepe oas (aap 2 
1 a+b 1 atb+t+e a+b+t+e 
ea oe See reat esa SUSE 2 ea ES ee eee) 
> (at 4 )+(caet 4 \+( 2 rE ner 


This ends the proof. Equality holds for a = b = 1,c = 0 up to permutation. 
Vv 
Problem 22. Prove the following inequality 
(V2)" (a1 + a2) (a2 + 43)...(an +01) < (a1 + a2 + @3)(a2 + 03 + 04)....(an +41 +22), 
where 01, 02,...,Qn are arbitrary positive real numbers. 
(Russia MO) 


SOLUTION. According to the following results 


(a, +2 +43)? > (201 + a2) (a2 + 2a3), 
(2a; + ag)(2ag + a1) = 2a? + 202 + 5ajaq > 2(a, + a2)’, 


we are done immediately because 


ar [[@ +a)? < [[@a + a2)(2ag + a1) 


cyc cyc 
= [[@a + ag)(ag + 2a3) < [[( + ag +43). 
cyc cyc 
V 


Problem 23. Let a,b,c be non-negative real numbers with sum 3. Prove that 


ab+be+ca A+bh4+3 
0363 + BS + Bai — 36 . 


(Pham Kim Hung, MYM) 
SOLUTION. WLOG, we may assume that a > b > c. Denote 
f (a,b,c) = 36(ab + be + ca) — (a? + b + €9) (0383 + b3c3 + ca). 
We will prove f(a, b,c) > f(a,b+c,0). Indeed, 
C+ +38<ai+(b+c)? ; 09? + bc8 4 8a? < a3(b4+0)3 


=> (a? + b + c*)(a3b3 + bc? + c8a9) < (a3 + (b +c)’) a3(b + 0)3. 
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Also ab + be + ca > a(b+ cc). We obtain f(a, b,c) > f(a,b+ 0,0). It remains to prove 


the first inequality in the case c = 0, or namely 
36ab > a%b3(a? + b°) = 36 > a2b?(a3 +b). 
Let « = ab.The inequality can be rewritten in the form 
#2(27 —9t) < 36 © ; ; 53-1) 24) 


which is exactly AM-GM inequality. Equality holds for c= 0 and a+b = 3,ab=2, 


or equivalently a = 2,b = 1,c = 0 (and its permutations of course). 
V 


Problem 24. Let a,b,c,d be four real numbers satisfying that (1 + a”)(1 + 6?)(1+ 
c*)(1 +d?) = 16. Prove the inequality 


—-3 <ab+be+ca+da-+ac-+ bd—abcd <5. 
(Titu Andreescu and Gabriel Dospinescu) 
SOLUTION. We denote S = ab + be-+cd + da + ac-+ bd — abcd, then 
S—1=(1-ab)(ed—1)+(a+b)(c+d). 
Applying Cauchy-Schwarz inequality, we obtain 


(S —1)? < ((1 — ab)? + (a +.8)?) ((1 — ed)? + (ec + d)”) 
= (14+07)(14+0%)(14+ &)(1 4a?) = 16. 


Hence |S — 1| < 4 or equivalently -3 < S < 5. Equality can happen; for example, 
(a,b, c,d) = (1, —1,1, —1) and (1, 1,1, 1). 


Vv 


Problem 25. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
1 1 1 1 
eee ee A ee ee a ds 
Gia? Gee? Gace Gaar- 
(China TST 2004) 


SOLUTION. First, notice that for any non-negative real numbers 2x, y 


1 i 1 _ if 
(l+2)? © (1+y)? ~14+2y 
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By expanding, the above inequality becomes 
(2+ 22+ 2y+a?+y’)(1+ ay) > (1 + 2x -+2?)(1 + 2y +”) 
& xy(2? +y7)+1> 2xy + gy? 
@ (xy—1)?+2y(2—y)? > 0. 


Let m = ab,n = cd > mn = 1, therefore 


1 1 m+n+2 
epee ee SU 
l+m l+n (m+1)(n+1) 

Using these two results, we conclude that 
1 1 1 1 1 1 


4 =—1. 


go 2 gs a 
(far Gee Geol mea - iam Le 


Equality holds fora =b=c=d=1. 


Comment. 1. We can also solve this problem by Cauchy-Schwarz. Indeed, there 


exist four positive real numbers s, t, u,v such that 


and the problem can be rewritten as 


6 


VU 
— oa el 
cye 


According to 


textcolorcul Cauchy-Schwartz, it’s enough to prove that 


2 
(x: °) > Cr + stu)? 


eye 
2 Ss v'(si + t8+u4) >2 ye vestu + s s*t?u?, 
cye cye cyc 
This last inequality is obtained from the following results 


S03 (s8 +t3+4u) > 35° v8stu ; 


cye cyc 
S > v3(s8 + +43) = S °(8%¢8 +t3u3 + us) > 8 Ss ears 
cye cyc 


and the proof is finished. Equality holds fors =t=u=vora=b=c=d=1. 
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2. The previous solution also helps us create a similar problem as follow 


*% Let a1, a2,...,a9 be positive real numbers with product 1. Prove that 


1 1 1 


——_— + —— + ... + —— ol. 
Catt? Gaal?” Gasaae -" 


Moreover, the general result is also valid (and solved through the same method) 


* Let a1,09,...,Qn be positive real numbers with product 1. Fork = ,/n—1, prove 


that 
1 1 1 


+ ——___ } ,,. + —_—_ > 1. 
(agen? Gases ee ee 
Vv 


Problem 26. Let a,b,c be positive real numbers. Prove that 


ak 0s be c+2a 
c+2b at2e b4+2a7- 


(Pham Kim Hung) 


SOLUTION. By expanding, we can rewrite the inequality to 
S “(a + 2b) (a + 2c)(b + 2a) > 3] [(c + 28) 
cyc cye 
€ 2(a3 +b? +. c4) + 8abe > 3(a7b + b?e + a), 
which is a combination of the third degree-Schur inequality and AM-GM inequality 
oye: + 3abe — 35° a%b = 8abe + ye - So a(b+ c) + S (a8 + ab? — 2a*b) > 0. 
cyc cyc cyc cyc cyc 


This ends the proof. Equality holds for a = b= c. 


V 


Problem 27. Let a,b,c be three positive real numbers. Prove that 
at ip Et de cA ote 
a2 +ab+b2 | 2 +be+e2 c?+eat+a?~ at+b+e — 
(Phan Thanh Viet) 


SOLUTION. Notice that 


a +b3+¢3 _ 8abe 


2 2 2 
Se + b6* + c* —ab— be— ca. 
a+tb+e pore 
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Therefore, the equality can be rewritten in the following form 


4 . b 

a 2 3abe ab 3abe 
ee ey ee > ——— ———_—____—— > ———_. 
> (area = +ab) > Sew pa eae 


cye cye 


According to Cauchy-Schwarz, we deduce that 


ab? be 
a ———_——— > 
SS Se Ser we 


cye cye b 


(a+b+e)? _ abe(a +b +c) 


— b b . 
34+¢424£424E48 ab+be+ca 
It remains to prove that 


abc(a + b+ ce) = 3abe 


ee Trae 2 > 3(ab+b 
bette -atbeo (a +6 +c)” 2 3(ab + be + ca) 


which is obviously true. Equality holds for a = b= e. 
V 
Problem 28. Prove that for all non-negative real numbers a,b,c 
a? +b? + c? + 2abe+ 1 > 2(ab + be + ca). 
(Darij Grinberg) 


SOLUTION. I will give four solutions to the above inequality. 


First Solution. Transform the inequality into a quadratic form in a 
f(a) =a? +2(be—b—c)a+ (b—c)? +1. 
(2). If be —b —c > 0, we get the desired result immediately. 
(iz). If be -b—c< 0 then (b—1)(e—1) <1. Notice that 
*, = (bec—b—c)* — (b—c)* —1 = be(b — 2)(c— 2) - 1. 
If both 6 and ¢ are smaller than 2 then by AM-GM inequality, we get 
b(2-b)<1 , 2-e)<1 => AZ<O. 
Otherwise, suppose b > 2, then c < 2 and clearly, A’ < 0. We are done. 
Second Solution. We denote k = a+b-+ c¢. According to the inequality 


abe > (a+ b—c)(b+ c—a)(e+a—b) = (k— 2a) (k — 2b)(k — 2c) 
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we obtain 
Sabc 


4(ab + be+ ca) —k? < 7 (x) 
The inequality is equivalent to 
(a+b+c)? + 2abe+1 > 4(ab-+be+ca) = 4(ab+ be+ ca) —k? < 1+ abe. 


Taking into account (x), it remains to prove that 


(2-2) abe <1. 


If 9 < 2k, we are done immediately. Otherwise, AM-GM inequality shows that 


€ 2) ane € 2) 20 27 1, 


which is exactly the desired result. Equality holds fora =b=c=1. 

Third Solution. Because 2abe+ 1 > 3/a2b2c?, it remains to prove that 
a® 4 y6 4 26 4 80%y22? > 2(23y3 + y8z3 + 2323) 

where a = ¢°, b= y°, c= 2°. According to Schur inequality, we obtain 


Ba2y22? 4 S~ a > So ah(y? +2)= S> 2?y?(0? +y)> 25 ~ ay’. 


cyc cyc cyc cyc 


Fourth Solution. Rewrite our inequality in the form 
(a — 1)? + (b— 1)? + (e— 1)? > 2(1 —a)(1 — 8)(1 — 0). 


If a,b,c are all greater than 1, the conclusion follows immediately. Otherwise, suppose 


c<1. AM-GM inequality shows 
(a—1)? +(b-1)? > 2|(a—1)(6-1)| 2 2\(a-1)(6— (1-4) 2 2@—-N(6—- le 1) 
and we are done of course. 
Comment. The following is a similar inequality 
a? +b? +c? + 2abe+ 3 > (1 +a)(1+5)(1 +). 
V 


Problem 29. Let a,b,c be positive real numbers and a* + b? + c* = 3. Prove that 


1 1 
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(Pham Kim Hung) 


SOLUTION. 
First Solution. (We use Cauchy-Schwarz inequality) Rewrite the mequality to 


1 Se a ie 
Sa. 2 Dob 2 a ae a eae 


at U4 cA 
A PRO a TR 7 de I 


Applying Cauchy-Schwarz inequality, we conclude that 
LHS > (a? +b? +c*)? ee 
~ 2(a3 + BB +3)—(a4+b44+c4) — 2(a3 + B38 +c4) — (a4 +044 cA) 


and we are done because 2 )~ a? — S7 a4 < Soa? =3. 


cyc cye cyc 


Second Solution. (We use Cauchy reverse) Notice that a(2— a) <1, so 


therefore 


We are done. Equality holds for a =b=c= 1. 


V 


Problem 30. Let a,b,c,d be non-negative real numbers. Prove that 


2a 2b 2c od 
1 if ecole > 9. 
( +a) ( +a) ( +723) (+55 )29 


(Vasile Cirtoaje) 


SOLUTION. Rewrite it mto another form 


a+e ate b+d b+d 
1 ioe > 9, 
( +o) ( +5) (145**) (+25) = 


For all positive real numbers z, y, it’s easy to see that 


(145) G+S)2G+s5)- 
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Thus we have 


ee 2 
(1+ S48) (14208 Sig 2(a +c) . 
a c+d a+b+c4+d 


b 

b+d b+d bed. \" 

1 1 > A 
( +755) ( +) 2 0+ oS) 


It remains to prove that ° 
2(a +c) 2(6 +d) 
1+ —————_ [1+ ——-——_ ] > 
( +e) ( * a+tb+c+d 2 3; 
which is obvious. Equality holds fora =c=0,b=dora=c,b=d=0. 


Comment. Here is the general result 


* Let a,b,c,d,k be non-negative real numbers. Prove that 


ka kb ke kd : 
(+) (1+) (+7) (i+) 2 (kb 1)°- 


This mequality can be obtained from the results below 


a ab 
ae (x); dL brjers =! (x); 


cyc 


Notice that (x) is Nesbitt inequality for four numbers which has been proved in the 


previous chapter. To prove (*«), we note that it is equivalent to (after expanding) 
Dy ate + S 5 a%b + > abc? > bs abe. 
cyc cyc cyc eye 
This inequality is true because 
x abe > abc? > 2 S- a”be. 
cyc cye cye 


We have equality ifa=c,b=d=0ora=c=0,b=d. 
V 


Problem 31. Let a,b,c be non-negative real numbers. Prove that 


| i 1 8 6 


2. 
a? + b? A Gags Varo a?+62+c? ~ ab+be+ca 
(Pham Kim Hung) 
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SOLUTION. WLOG, assume that a > b > c. Denote t = Vb? + c? and 


1 1 8 6 


Pag Sea ea ee. ebpbetea 


1 
f(a, b,c) = wae 
We have 

¢ road 6 6 
Heb)“ Mob) = Taya +R) ale + a) ave ta abt betea 
6a (b+ c— Vb? + c*) e 
~ a/b? + (ab + be + ca) ~ a2(a? + ce) 


3 6be = c 
~ (b+ ¢)Vb2+e(ab+be+ca) a7(a? +c?) 
6be be 


Sp a ls 
~ /2(b2 + c2)(ab+be+ca) a7(a? +c) ~ 


because 
3V2a7(a? + c”) > (ab + be+ ca)(b? +c”). 


According to AM-GM inequality, we have 


9 1 1 6 9 a*+t? 6 
ee sc a ee) 
F(a, t, 0) a+? “ a? “ t@ at at%+t? o at? at— 
8475 
Therefore, we are done. Equality holds for (a, b,c) ( 5 We. 1, o 


V 
Problem 32. Let a,b,c,k be positive real numbers and k > = Prove that 


ak re b* é ck 1 
a+b b+te eta 2 


(Vasile Cirtoaje and Pham Kim Hung) 


SOLUTION. I have two solutions to this problem. 


First Solution. (Cauchy reverse) Rewrite the inequality in the form 


S(t za) ef(See) » pete (re) 


cyc cyc 


Notice that 
k-1p 


Ein Lae a(Ee™), 
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It suffices to prove that 


Sak 2b? < oa 


cye cyc 
According to AM-GM inequality, for 2k — 2 variables and using k > we obtain 


(2k — 2) Sak = 5 ((2k—3)a*-! + bE") > S (2k — 2)a*- 403, 


cyc cyc eye 
Second Solution. The inequality can be rewritten in the form 


ak-l(a—b)  bF-1(b—c)  c*4(e—a) 


> 0. 
a+b b+e cta 


Notice that for all positive real numbers a, b 


a®-1(q—b) _ ah-1— pho} () 
a+b Okel 


Indeed, this relation can be obtained directly by AM-GM 
(2k — 3)a* + b* + ab’! > (2k —1)a*—1d, 


According to (x), we conclude that 


This ends the proof. Equality holds for a = 6 = c. 
V 


Problem 33. Let a,b,c be non-negative real numbers and a+b+c= 8. Prove that 


aV14+b634+b6V14+484cV14+a3 <5. 
(Pham Kim Hung) 


SOLUTION. By AM-GM inequality, we deduce that 
1 
Biss > = 2 ms 2 
S aV1+8 = aV/(1 +b) —b +82) < pean ). 
cye cyc c 


It remains to prove that 
ab? + be? + ca? <4. 


WLOG, we may suppose that 6 is the middle number between a,b,c. That means 
a(b — a)(b—c) <0, or ab? +.a7c < abe +a". It then suffices to prove that 


abe +a7b+ be? <4 & b(a? +ac+c’) <4. 
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According to AM-GM inequality, we have 


b 3 
Ha? +0642) <a tej? = 4b- EEO CFO <4 (Sete) = 4, 


We are done. Equality holds for a = 1,b = 2,c = 0 and its permutations. 


V 


Problem 34. Let a,b,c be positive real numbers such thata+b+c=1. Prove that 


a,b, a (1—a)(1 — 8) — 9). 


(Do Hoang Giang) 


SOLUTION. Our inequality is equivalent to 


3/3 
nS dy FRE CEET @ TSeED <S. 


WLOG, assume that a = min{a, b,c}. Consider the following cases 


(i). The first case. If a <b < c, simultaneously have 


ab ca. be 
(b+ c)(c+a) = (a + b)(b+c) S (c+a)(a+b) 


a b Cc 
ee ee 
(a+ e)(a+b) ~ (a+b +e) ~ (bFe)(c+a) ’ 

So, according to Rearrangement inequality, we infer that 


2 ab a ___abe a be? 

=i (a+bja+o(bte)  \ @+bb+e \ (e+a)(a4+bb+e) 
a abc b a c 

‘ (a+b*(bre? * G@+b(b+o) (ssctets) 


Bide ( abe nT 1 b 
ms) (a +b)?(b+c)? 4 (a+b)(b+c) 
(since Je + fyt+ Jz < /3(z+y +2). 
It remains to prove that 


abe fe b = ) 
(a+b)2(b+c)? "2 (a+b)(b+c) — 16 


which can be transformed to 


(3ac— b)? > 0. 
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(it). The second case. Ifa < ¢ <b, we have 


ca ab be 
(a+ b)\G+e) = b4o)e+a) = Haars) 
a c b 


(a+c)(a+b) “= (b+ c)(c+a) ~ (a+b)(b+c) - 


So, according to Rearrangement inequality, we infer that 


pe atc abe is b2¢ 
~ V (a+c)(a +6)2(b+c) (a +c)?(b+c)? (a +c)(a+ b)2(b+c) 


abc 1 c 
Ca Le (eect ne ise) ey ee 
a (aa oA 4 sence) 
It remains to prove that 
abc 1 c 9 
Foe nee a ae 20 eee oP 
(a+c)2(b+c)? 2 (b+c)(c+a) ~ 16 


which can be transformed to an obviousness 
(3ab—c)? > 0. 
: ere i , 1 
The inequality is proved in every case. The equality holds fora =b=c= 3 


V 


Problem 35. Suppose that a,b,c are three non-negative real numbers verifying a? + 
b? + ¢? =1. Prove the following inequality 
a b c 
oe ai 2 A ey 
a’ +be a B+ac e+ab— 
SOLUTION. I have two solutions to this problem. 


First Solution. If all terms in the left hand side are greater than 1 then the inequality 


is proved immediately. Otherwise, we may assume that 


— a < < 3 b 
r= auebe <1 Sa<a°+oe. 
Applying Cauchy-Schwarz inequality, we obtain 
c 4 4 
a oe See 
B+ac S+ab~ b4+c24+942% Lty 
ac. ab ; ; ; : 
where y = a + — —a?*. Notice that the relation z > y is equivalent to 
c 


(a3 + be)(b? + c? — abc) < be 
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# a3(1—a? — abc) < be(a? + abc) 
€ a?(1—a?) < be(a® +a + be). 


which is obvious because a(1 — a?) < be. We conclude that 


a b c 4 4 
4s ee eS a 1 — -1> 3. 
ho eae Gaede ear arr) oh 


The proof is finished. Equality holds for a = 1,b = c = 0 or permutations. 


b b 
Second Solution. Denote z = aay = ae = =, so we have ry +yz+ 22 = 
a 
a? + b? +c? =1. We have to prove that 
1 1 1 


+ > 3. 
Eyez yur z4+2y 


Denote s=2+y+z and p= xyz. Notice that 


1 9 9 
a or 
ee oe s+1 


cyc 
If s < 2. we are done. Now consider the case s > 2. After expanding and reducing 


similar terms, the inequality becomes 
s+ 7sp > 2+ 3p? + 3ps?_ = (s —2)(1 — 3sp) + p(s — 3p) > 0 
which is clearly true because s > 2,1 > 3sp and s > 3p. The conclusion follows. 
V 


Problem 36. Let a,b,c be non-negative real numbers. Prove that 


ble a cta “ a+b Sy 
Vae-+be Ve +ea Ve+ab~ 


(Pham Kim Hung) 


SOLUTION. Applying Hélder inequality, we obtain 
b+ ° : 
c 
Se b ee >8 , 
(Satie) (Eero ta) 2*( 4) 
Therefore, it’s enough to prove that 
(at+b+c>4) a(b+c) + b6abe+ S-a% > Sa?(b+0), 
cyc cyc cyc 
which comes from the third-degree Schur inequality because 


3abe+ Sa > S°@(b+0). 


cyc cyc 
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Equality holds for a = b,c = 0 up to permutations. 
Comment. By the same method, we can prove the following result 


% Let a,b,c be non-negative real numbers anda+b+e¢= 2. Prove that 


a b c 
re | 
Tipe slew vas 

V 


Problem 37. Leta,b,c be non-negative real numbers satisfying a? +b? +c? +abe = 4. 
Prove that 2+ abe > ab+be+ ca > abe. 


(USA MO 2001) 


SOLUTION. To prove the right hand inequality, just notice that at least one of a, b,c, 
say a, is not bigger than 1. Thereforec we have ab-+be+ca > be > abc. Equality holds 
for (a,b,c) = (0,0, 2) up to permutation. 


To prove the right hand inequality, notice that two numbers among a, b,c, say a and 
¢, are not smaller than 1 or not bigger than 1. Therefore b(a -1)(e—1) >0 © 
abe +b > ab+ be and it suffices to prove 2 > ac+b. 


From the hypothesis, we have 
a? +c? +d(act+b) =4 > 2ac+b(ac+b) <4 => (b+ 2)(ac+b—2) <0, 
thus ac-+b < 2 and the desired result follows. Equality holds fora =b=c=1. 


V 


Problem 38. Leta,b,c be non-negative real numbers. Prove that 


Ja? gare [b? + 2ca a [c? + 2ab +3 
b+ c2 +a? a+b? ~~ 
(Vo Quoc Ba Can, Vu Dinh Quy) 


SOLUTION. WLOG, assume that a > b> c. First, we will prove that 


a2 + ¢ b? + c? a b 
‘/———> las alt view 
b? + ¢ “ c2 +a2 ~ Vb af a 
Indeed, this condition is equivalent to 


atc b%+4+c? 5 2 b 


fig ad b a 
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(a — b)?(a + b)(ab — c?) 
ab(a? + c?)(b? + c?) 29, 


which is true because a > b > c. Using this result, we have 


Denote 7 = Vi + yf > 2. If z > 3, we are done. Otherwise, assume that z < 3. In 
a 


this case, we need 


since | ie is 
2 9 (x —2)?(—2? + 22 + 5 
woo ea 73 


The inequality is proved, with equality for a = 4 c= 0 or permutations. 
V 


Problem 39. Let a,b,c be three distinct positive real numbers. Prove that 


1 1 es 1 8 = 28 
la? —b?{ |b? —c*| — [c? — a? PEP Le = G@rbye? 


(Pham Kim Hung) 


SOLUTION. WLOG, we may assume that a > b > c. Notice that 
ee eee ee a ae ee Oe ee: 
Giese bee gt ee aa ae G2 ayes Be. ge gee 

oe nel eee eee 8 

= a2(a2—c*)  b2(b? —c?) = (a? +. b? +c?) (a? + 5?) 
1 1 8 

Rye gts 6 alee eae 

=e € + FA erist) 20 


The right hand expression is a decreasing function of c, so it’s enough to prove the 
inequality for c= 0 
1 1 1 8 28 


Oe Se he oe ie SS 
Ban Boa eae Gee? 
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ab a’ sb 16ab a+b 
= 2[/—-4+- s+: = 
(G+)+ Stata — > 18. 


Since the equality is homogeneous, we can assume a > b = 1 and so the inequality 


1 Ll l6a atl 
2 = ha? eee > 18 
(c+ 2)ee+ 5G retts 


8(a — 1)? 
a?+1 


becomes: 


2(a—1)? (a? —1)? 
wp Mant? , =? 
a a 
(a—1)*(a +1)? 


a?(a? +1) 


2(a — 1)? 
a(a? 4-1) 
atl 


+ 2(a— 


> 4 and the desired result follows immediately. Otherwise, we 


fa<- 
Ifa = then o+ 


4 
have a > 3 According to AM-GM inequality, we get 


a+1 a+ 3/(a +1)? 


Gtk. 
Sg a eG ; 
Bo Poca ect) = 7 =4 


eo 


2(a—1)? + 
The problem is solved and equality cannot be reached. 
V 


Problem 40. Find the best positive real constant k such that the following inequality 


holds for all positive real numbers a,b and c 


(a+b)(b+c)(e+a) | k(ab+be+ca) 
abc a2 + b? + c? 28+k. 


(Pham Kim Hung) 


SOLUTION. We clearly have 


(a+ b)(b+c)(c+a) 7 c(a — b)? +a(b— cc)? + b(e— a)? 
abc abe , 
ab+be+ca _ (a—b)? +(b—c)?+(c—a)? 
+P +e 2(a? + b? +c”) , 


So we need to find a positive number k satisfying the condition 
a? + b? + c*) ‘ 
Si(a-b y ( fk) 30 « S(a—b)'8.>0 (4) 
sym sym 
where S,, 5S, 5¢ are defined as 
Sq = 2a(a? + b? +c?) — kabe, 
Sp = 2b(a? + b? + c*) — kabe, 
Se = 2e(a? +b? +c?) — kabe. 
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(i). Necessary condition: If b = c, we have S, = S¢; so if (x) is true, we must have 
Sp > 0 © 2(a? + 2b?) > kab. 


By AM-GM inequality, we find that the best value of k is 4/2. 


(it). Sufficient condition: For k < 4\/2, we will prove that the inequality is always 
true. WLOG, we may assume that a > b > c. Then S, > Sp > Sz. Certainly, 
Sq = 2a(a? + b? +c?) — kabe > 0. Let x = Voc, then 


Sp + So = 2(b+ ¢)(a? + 0 +c?) — 2kabc> 


2 
> 4x(a? + 2a”) — 2kax? = 4x (< ~ v2) > 0. 


We conclude that 
S| Sa(b — ¢)* > (Sp + Se)(a — b)? > 0. 
cyc 


Conclusion: The best value of k is 4/2. If k = 4/2, equality holds for a = b = or 
a = 2b = 2c up to permutation. If k < 4/2, the equality holds only fora =b=c. 


V 
Problem 41. Suppose a,b,c are positive real numbers satisfying the condition a+ 


b+ec+abe = 4. Prove that 


a. b c sp Poe 


b+ce Veta a+b J2 


(Cezar Lupu) 


SOLUTION. First we will prove that a+b+c¢c>ab+bc+ca. Indeed, we may suppose 
that c > b > a without loss of generality. We need to prove that 


Pag i eee 


abd (a+b—1)  (a+b—2) > ab(a—1)(b— 1). 


Applying AM-GM inequality, we are done immediately 
(a + b—2)? > 4|(a —1)(b—1)| > abl(a — 1)(b—-1)]. 
Returning to our problem, Cauchy-Schwarz inequality yields that 


cVat+b+aVvb+c+b/e+a < V/2(a+b+c)(ab+be+ ca), 
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and therefore 


2 
a b —_— (a+b+c) 


Vb+e Veta Vatb™ evatbtaVb+ect+bVet+a 


atb+e 
> 22 
_ ONDE 2(ab + be + ca) 


a+bt+e 
> —_——.. 
~ V2 
This ends the proof. Equality holds fora =b=c=1. 


V 


Problem 42. (¢). Prove that for all non-negative real numbers a,b,c, we have 


2a? + be 2b2 + ca [2c? + ab 
pee keel ———— > 3 
m4 ote” \ bees Pa dab 2 2N2 


(ii). With the same condition, prove that 


a2 + 2be b? + 2ca [c? + 2ab 
Rate esepsied ieee Psat sf ——__— > 2/2. 
bebe \ Deb ea. 2c? +ab — v2 


(Pham Kim Hung) 


SOLUTION. (7). Since the inequality is homogeneous, we may assume that abe = 1. 


The problem becomes 


[22+1 f2y+1 f2z+1 
> 2V2, 
peor rei a z+2 7— v2 
where x = a?,y = b°,z = c?, ryz = 1. WLOG, suppose that z > y > 2. Let t = \/yz, 


then t < 1. First, notice that 


(2y+1)(2z+1)  4yz+2(yt+z) +1 _ 40? 4+4t4+1 — (2t+1)? 
(y+2)(z+2) ~~ yzt+2(ytz)+4 ~ t+4+4t4+4  (€4+2)?’ 


Therefore, applying AM-GM inequality, we obtain 


22 +1 2y+1 2z+1 2z+1 2t+1 2+? 2t+1 
‘| ee ee ey eile 
r+2 e yt+2 ss z+2 —~V 242 v t+2 2t2 +1 t+2 

It suffices to prove that for all t < L 


V2FE\(2 +E) + 2/ (28 + 1) (QE? $1) > 2/2(22 + 1) +2). 


After squaring both sides and reducing similar terms, we get an equivalent form 


t? + 2t + 4s/(2 + t2)(2 + t)(1 + 2t)(1 + 27) > 2207 4 8. 
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Because t < 1, 2t > 2t?. It is enough to prove that 


J/(2 + t?)(2 + t)(1 + 2t)(1 + 2t2) > 5¢? +2, 


which is true by Cauchy-Schwarz inequality because ¢ + t? > 2¢? and 


(2 + t2)(2 + t)(1 + 2t)(1 + 2t2) > (44 5t?)(1 + 5t?) > 24507. 


This last step ends the proof. 
(ii). This second part can be obtained from the first part by taking be = z?,ca = 
y*,ab = z”. Equality holds for a = 0,b = c up to permutation. 

V 


Problem 43. Let z,y,z be non-negative real numbers with sum 1. Prove that 


(Phan Thanh Nam, VMEO 2004) 


pop TON. Suppose z = min{z, y,z}. First we will prove that ifu=y—z,v=2-—z 
and k = — then 
12 


Va+ku2 + Jy + kv? < J/2(r+y)+k(utv)?2. 


Indeed, this one is equivalent. to 


2/ (a+ ku?)(y + kv?) < e+ y+ 2kuv 


<> A(x + ku?)(y + kv?) < (2 +y + 2kuv)? 
 (x—y)? + 4rkv(u — v) + 4yku(v — u) > 0 
& (x—y)* + 4k(u —v) (xv — yu) > 0 
& (e—y)?(1—4k(x@+y—2)) >0, 


which is obvious. From the above result, we conclude that 


+ y—2z)? (x—y)? 
LHS < 4/2 iGueis Taee 
<4/2(e+y) + 2 $yeto 
(1 — 82)? (x — y)? 
= 4/2(1 Sa 
( z) + 12 +4ajz+ 12 
(1 — 82)? (1 — 3z)? 
a= 
(l1—z)+ D z+ D 
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which is exactly the desired result. The equality holds for 2 = y = z = 1/3. 


Comment, With the same condition, we can prove that 
Vet (y—z)? 4+ Jyt(z—2)? + Vz4+(2—y)? > V3. 
V 


Problem 44. Let x,y,z be three non-negative real numbers satisfying the condition 


zy +yz+2x2=1. Prove that 


1 1 1 1 
+ + >2+—. 
Vety Vytz Vzt+u7 2 


(Le Trung Kien) 


SOLUTION. WLOG, we may assume that x = max(z,y,z). Denote a = y+2z > 0, 


then obviously, az = 1 — yz < 1. Consider the function 


iy= ety Jytz 


We have 
f(x) = yz—2* —2Vf2? 41 By 
(x2 + 1)8(2z +a+2V2? +1) 


so f(z) is a decreasing function. That means 


a 


f(a) 25 (2) = vate = 


es oe eee Go 2) = 
= (va wt (% aes) 88 


Since 


1 (Ja +1)? 


fa Wee aver) 


and f(z) > f (=) >2+ = We are done and equality holds for z = y = 1,z =0 
a 


up to permutation. 
V 
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Problem 45. Let a,b,c be positive real numbers. Prove that 
a\? b\? c\?2_ 9(a+b+c)? 
= Re ee ce ee 
(2+5) + (242) + (2+) — ab+ be+ ca 
(Pham Kim Hung) 


SOLUTION. We can rewrite the inequality in the following form 


a? a _ O(a? +b? +c?) 
i = Se 
LR 14> = ab+be+ca =e 


cyc cyc 


Taking into account the following identities 


bo coa ab He = 
a? +b? + c2 —ab—be—ca = (a—b)? + (c—a)(e—b) , 


the inequality can be transformed into 


(a —b)?M + (c—a)(c—b)N > 0, 


where 
fy ms (a+b)? _ 9 
~ ab a2b? ab+be+ca’ 
4 (e+a)(c +b) 9 
Noa ee NE es 
ae a2c?2 ab+be+ ca’ 


Notice that if a > b> c then 
a b a? b? 
ego eee: 
cyc cyc cyc eyc 


So we only need to consider the case a > b > c, because the case a > b > c will be 


reduced to their one after applying (*) 


5 b 9 
IG ee a, 
ae ae ab+be+ ca ae. 
MENS! ee ; 


ab ac ab + be + ca x 


+ 
a 


Let k = 


ae Consider the following subcases 


(i). The first case. a —b < k(b—c). Then we have (a — b)? < (a — c)(b— 0), so 


(a—b)?M + (c—a)(c—b)N > (a—b)?(M +N) > 0. 
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(ii). The second case. a — b > k(b— c). It suffices to prove that M > 0 or 
(a? + b? + 6ab)(ab + ca + cb) > 9a7b?. 


34/5 
2 


Since (k+1)b—a<keandk+1= , we deduce that 


ab—(a—b)? = (Bae _ : (: _ ca) <ke (« + ad < 2c(a+8). 


Therefore 


(a? + b? + 6ab) (ab + ca + cb) — 9a7b? > ab ((a? — 87)? — ab) + c(a + b)° 


> e(a + b)? — 4abe(a + b) = c(a + b)(a — b)? > 0. 
We have the conclusion. Equality holds for a =b = e. 
Comment. Im Mathematics and Youth Magazine, issue 4/2007, I jproposed the fal- 
lowing slightly simpler inequality 
hk Given positive real numbers a,b,c, prove that 


bay 4 om + b+)? 
(a+ =) (14 2)" zy > — 


ay 


Problem 46. Det a,byc be non-negative real nuinbers anda? +10? +.c° =.3. Prove 


that 
1 Ds eal sai SE len tp 
Sabb tobe Jom oe Bae ae 


SOLUTION. [Rewrite the inequality in the form 


Tics a 1) +, (Ca = 1) Be 


eye : oye 
ab 2 
> 3 
+ 8 — ab 8-2 
Cyc 


Applying Cauchy-Schwarz, we obtain 


(Drab + 7c") 


LES ? + pee pe 


182 Chapter 9. Problems and Solutions — 


Therefore, it suffices to prove that 


(ses s) 23 (2 a0- Dert Dery] 


cyc cyc cyc cyc 


© (ses) +6 (x) +9>9 (x) +3 (se 


cyc eye eyc eye 
= (x#) (xe-d«) > 5° a?(b— 0)? 
cyce cyce eye cyc 


 S (a? +b? —c?)(a—b)? > 0. 


cyc 
1 
: 2 ~~ _ 2 
since } a -Slab=5 Die b)*. 
Denote S, = b? + 2 —a?,S, = c? + a2 — b* and S, = a? + b* — ce’. Assume 
a>b>c, then S, < S, < S, and (a—c)? > (a- b)? + (b—c)?. Also, Sp > 0 
otherwise iba? > 'b? > = false. We conclude tthat 


S$ “(2° +? — (a — bP? = 5" Ba(b— ce? 


> (8, + Sed(b — ce)? +(8c + Sp) (a — BY? =2a%(a — b)* 4 Ber(b— cy? > WO. 
Equahty holds for.e = 6 =e= lore =b= exo up to permutation. 
V 
V 


Problem 47. Det.a,b,c be three positive meal numbers. Prove that 


1 1 lt a 
iavet+ bh  ‘byvbte : we +a — /Qabe 


(Phan ‘Thanh Nam, VMEO 2005) 
SOLUTION. [Let 2 = ————= CORE SS pe Aca = a We need to prove 
nfite(a ++ B) -y/0(1b + ic) a/c(e + 2) 


that. +y++.2 > 3. However, iit suffices to prove ithe following stronger result as follow 
‘Be 2a ‘2b 


8% wy + yz + 22 = ——————————— + — i: 
4/ (a + b)(b+ 2) Jot deta) — yhetiadta +18) 
‘Denote u= bt c, v= nfetta, w= sla+b. We get 
aye ey? — ey? uu +a? — ay wy? +e? —-w? 
ye, a "ry 


uv yw WL 


ot 
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The inequality becomes 
v(v? 4+ u? — w?) + w(w? +0? — u?) 4+ u(u? + w? — v?) > 8uew 
> (ud + v3 + w) + (u2v + vw + wu) > (vu t+ wv + u?w) + Buw. 
But 


(v3 4+ u®) + (we + v?w) + (u3 + wu) > 2(v?u + w2v + uw), 


vu + wu + u2w > 3uvw. 
The proof is finished and equality holds iff a= b= ce. 
V 
Problem 48. Prove that ax + by + cz > 0 ifa,b,c,z,y,2 are real numbers such that 


(at+b+e\etytz=3; (P4RP 42? 4+y? 4+ 2) =4, 


ee eee 
SOLUTION, Let a = ¢ eee and a; = =e = 
Be ay? pe? a 


ya, 2; = za. We infer that 


ae OS 
att ga = VTP PACE TP TP = 2, 
xe ye + 22 = (a? + yy? + 27)a? = Sa? + & 4 02) (x? + y? F 2?) = 2, 


QZ, + by +¢)2; =axr+ by + cz. 


(Mathlinks Contest) 


Qo 


c 
CY = —,%1 = La4,Y = 
(a4 


The inequality can be rewritten as 
(a; +21)? + (bp +1)? + (cr +2)? > 4. 
According to the following relations 


(a, +6, + ¢)(21 + 91 + 21) =(@t+b+e)(a+y4+z) = 3, 


we are done immediately since 
(a, +2)? + (+9)? +(ata)? 2 sathitataty +a)’ 


> =(a; + by +¢1)(21 +41 + 21) = 4 


wl mo 


Vv 
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Problem 49, Let a,b,c,d be non-negative real numbers with sum 4. Prove that 


fa+1 fb+1 fc+1 fd+1 
a —— > 4, 
oer as rae iad Paris tas da+1 ~~ 


(Pham Kim Hung) 


SOLUTION. According to AM-GM inequality, we get 


(a+ 1)(b+ 1)(c4+ 1I)(4+1) 
LHS > 44) ——————__—_____—., 
re (ab + 1)(be + 1)(ed + 1)(da + 1) 
and it remains to prove that 


(a + 1)(b+ 1)(c + 1)(d +1) > (ab+1)(be + 1)(ed + 1) (da + 1). 


After expanding, the inequality becomes 


abed+ S~abe+ — ab+ Sat] 


sym sym sym 


> (abcd)? + abed S° ab+ 5° ab?c+ S~ab+1+ 2abed 


cyc cyc cyc 


= 4+ac+ bd+ S— abe > (abcd)? +- abed + abed S~ ab + S| ab ec. 


sym cyc cyc 
The condition a + b+ c+d = 4 implies that abcd < 1, therefore 
ac+ bd > 2Vabed > 2abed > 2(abed)? = ac+ bd > abcd + (abcd)? (x) 
According to the inequality (2 + y + z+ t)? > 4(ay + yz + 2t + tz), we obtain 


16 = (x2) > ee yiab<4 


cyc cyc cyc 


2 
=>16> (x4) >45 ab c >4>) abc (xx) 


eyc cyc cyc 


Moreover, we also have 


2 
(so ase} > dabed Sab => YS abe > abed © ab (* & x). 


cyc cyc cyc cyc 


Using (x), («*) and (« **), we get the conclusion immediately. 


V 
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Problem 50. Prove that for all non-negative real numbers a,b,c then 


a_,_? 12 , Va-+ vot ve 
Vatb Vb+e Veta /2 


SoLuTION. Let 2 = Ja, y = Vb, z = Ve. The inequality becomes 


a y? 2? 2tytz 
ee Vee area 


ry 2 


ys (x+y +2)’. 
72 4 nD pee 
Day +? + SS (y? + 2? 
Notice that ; i ‘ 4 7 ; 
2 _ ze 
y y z x 0, 
ge +y2 | y2p 22 | 224 92 
hence 
2x4 2y4 224 zi+y? ytt2t  2t424 


Poe ek ge eae ee 224g 


Furthermore, the following sequences 


xy 2 22g? 1 1 
(aie ee) ( ew yer Jy? + 22° zea): 


are monotone in the opposite order, so Rearrangement inequality shows that 
> or 2 2 eae Any 2 a oo 


> yeas a 
AT (y2 + z?) ~ Sr 


cye 
It. remains to prove that 
44,4 249 
z+y 4a*y 2 
eae Dore g 2 (etyt2) 
cyc cyc 


2 a 2 2 
pen ye ~ ie p > 25 ay 


cyc cyc 


which is obvious. Equality holds for « = y = z, or equivalently a = b =. 
V 


Problem 51. Let a,b,c be real numbers. Prove that 


V/ 2a2 — be ate ¥/ 2b? — ca + /2c? — ab > 0. 
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(Pham Kim Hung) 


SOLUTION. First, we notice that the inequality only needs to be considered for a, b,c 


non-negative. Now, consider the identity 
ey +23 —382yz= (@+y+ 2) (x? +y? 427 — xy —yz— 22) 


therefore, (x + y + z)(xz* + y? + 23 — 8zyz) > 0, so we can write 


V 2a2 — be + 4 2b? — ca + 2c? — ab > 0 


= 25° a? _ S_ be > 34/(2a? — be)(2b* — ca)(2c? — ab) (*) 
ceyc cyc 
Without loss of generality, assume that a > b > c. Notice that the inequality is 
obvious if /2b? — ca > 0, /2c? — ab > 0. It is also obvious if (2b? — ca)(2c? — ab) < 0 


(due to (x)), so we may assume that 2b? — ca < 0, 2c? — ab < 0. 
(ii). The first case. a > 2(b+ c). We conclude that 
2a” — be > 4(ab — 2c* + ac— 2b") 
=> 1/2a2 — be > — 8/20? — ca— 4/202 — ab 
=> 4/20? — be + 8/2b2 — ca + 2/202 — ab > 0. 


We used the inequality {/4(z+y) > We+ Vy. 
(i). The second case. Ifa < 2(b+ c). WLOG, assume that abe = 1. We have to 
prove that 


2(a? +b? + ce?) — (ab + be + ca) > 34/(n3 — 1)(1 — 268) (1 — 2c3). 
Denote 
f(a, b,c) = 2(a? +b? + c*) — (ab + be + ca) — 3¢/(2a3 — 1)(1 — 2b3)(1 — 2c8), 
We clearly have f(a,b,c) > f(a, Vbc, bc) since 
2(a? +b? +c”) — (ab+ be + ca) > 2(a? + 2be) — (2aVbe + be) ; 


and 
(1 - 2b°)(1 _ 2c’) <(i- 2Vb3¢3)? . 


It remains to prove the initial inequality in the case b = c, namely 


¥/ 2a2 — b2 > 2%/ab— 2b?. 
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This inequality is equivalent to 
2a + 15b? > Yab, 
which is clearly true due to AM-GM inequality. Equality holds fora =b=c=0. 


Comment. The following stronger inequality holds 


1+ ¥513 
16 


V/ ka? — be + Vkb? — ca + Vk? — ab > 0. 


To prove it, we use the same technique as shown in the above proof. Similarly, we 


%*% Given real numbers a,b,c, and k = , then 


only need to consider the main case a > b > c,abe = 1, kb? < 1 and ke? < 1. Let 


f (a,b,c) = k(a? +b? + c*) — (ab+ be + ca) — 3¥/(ka3 — 1)(1 — kb3)(1 — ke’). 


We are done easily if a < k(vb + \/c)* since, in this case, we have f(a,b,c) > 
f(a, Voc, Vbc). It remains to consider the case a > k(Vb + /)?. Denote 


g(a) = ka? — be + 4(kb? + ke? — ab — ac). 
We infer that 
2 
g(a) = 2ka ~ 4k(b +c) > 2k? (Vb 4 Ve) —4(b+¢) 20. 
Therefore 
2 
g(a) >o(k (vo + ve) ), 
2 
Denote x = Vb, y = Vc. The inequality g (i (ve + ve) ) > 0 is equivalent to 
k(x +-y)* — 2y? + 4k(24 + y4) — 4k(@ +-y)?(a? + y*) 2 0 


or 
k3(a4 + y*) + (4k — 8k) (oy + ay) + (6k? — 8k — 1)x°y? > 0. 


This last inequality is obvious since all the coefficients are non-negative. Therefore 
g(a) = ka? — be + 4(kb* + kc* — ab — ac) > 0 


=> Vka? — be > */4(ab + ac — kb? — ke*) > Vab— ke? + Vac — kb? 
=> Wka? — be+ */kb? — ca+ Vke? — ab > 0, 


8k —-1 
which is the desired result. Equality holds for (a, b,c) ~ ( j psa 1, 7 : 


V 
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Problem 52. Prove that the following inequality holds for all real numbers a, b,c 
(a? +b? 4+ c*)? > 3(a°b F bec + c*a). 
(Vasile Cirtoaje) 

SOLUTION. We give four solutions to this problem. 
First Solution. Notice that 

4(a? +b? +c? — ab — be — ca) (2? + b? +0”)? — 3(a3b 4+ Bet c*a)) 

= ((a? +b° 4+ c8) —5(a7b + b?c + 7a) + 4(ab? + be? + oa?) 

+3 ((a° + b8 4 c*) — (a2b + bc + c?a) — 2(ab? + be? + ca”) + 6abe). > 0. 


Second Solution. WLOG, suppose that a = min(a,b,c). Letb=a+z,c=at+y 
with x,y > 0. By expanding, we obtain 


(a? +. b? +c”)? — 3(a3b 4 Bet a)= 
= (2? 4y? — scy)a* + (x3 + y? + 4ry? — 5x7 y)a tat py! 4 Qa*y? — 823y. 
Consider the expression as a quadratic of a, then 
Ayz=(xeet+y?+ Any? — 5a*y) — A(x? 4 y® — zy) (xt + yt + 2a7y? — 8a%y) 
= —3(23 — 2?y — 2ay? — y?)? < 0, 
so the desired result follows immediately. 


Third Solution. The following identity gives the conclusion 
2(a? +b? + c*)? — 6(a3b + bec 4 c8a) = Se? — 2ab + be — c* + ca)?. 
cye 
Fourth Solution. The following identity gives the conclusion 
6(a? + b? +c)? — 12(a3b + b8e + cla) = S_ (a? — 2b? +c? + 3be — 3ca)?. 
cyc 
Comment. Using this result, we can prove the following inequality easily enough by 
the Cauchy reverse techique. 
* Let x,y,z be positive real numbers such that x + y + z= 3. Prove that 


x y z 


2 


nN} oo 


a nr a 


re 


ee EEE 
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Indeed, to prove this inequality, just notice that 


2 2 
£ z = 1 
=2- Y >2x Z r— =v xy. 


1+ zy 1l+zy— =2 zy 2 
V 


Problem 53. Let a,b,c be three real numbers satisfying the condition a? +b? +c? = 9. 


Prove that 
3 min(a, b,c) < 1+ abe. 


(Virgil Nicula) 
SOLUTION. WLOG, we may assume that c > b > a. Consider the following cases 


(2).a <0: Let d = —a and e = |b| . We will prove that 
—3d <1—dce — d(ce—3) <1. 


If ce < 3, the conclusion follows immediately. Otherwise, if ce > 3 then 


d2 _ a3 2 72 2A Ky? 
Ba esa ee: 
3 a 
and we are done. Equality holds for a = —1,b = c= 2 up to permutation. 


(iz). Ifa > 0: The problem can be rewritten as 
a(a? + b* +c”) < 3 + Babe. 


Since 2abc > a3 + ab’, we only need to prove 


34 abc > ac’ + 3 > ac(c— Bb). 


a <b, hence c < V9 — 2a?, so 


ac(c— b) <ac(e za) < aV9 — 207(V/9 — 2a — a). 


It suffices to prove that 


a(9 — 2a”)—a? /9 — 2a < 3 
f(a) = 2a® — 9a4 ~ (3a — 1)? <0. 
If ; <2<1 then 


f(a) = 2a4(a? — 1)—7a4 — (3a — 1)? < 0. 
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Wises [3 then 


f(a) = G + 3) (2a? — 3) — 6a?(a* — 1) — 6a (« — a) <0. 


If Ve <a< V3 then 
f(a) = 07 (a? — 3)(2a” — 3) + (1 — 6a) <0. 


The problem is completely solved. There is just one case of equality. 


Comment. The following inequality, proposed by Vasile Cirtoaje, can be proved in 


the same manner. 
* Given non-negative real numbers a,b,c with a? +b? + c? = 3, prove that 
1+ 4abe > 5min{a, b, c}. 
V 


Problem 54. Let a,b,c,d be non-negative real numbers such thata+b+c+d=4. 
Prove that 


(+o) 1+ He AL +a4) > +a1FE)14+ 0 40%. 
(Pham Kim Hung) 


SOLUTION. Notice that for all « > 0, (1+ z24)(14+ 2) > (14 23)(1+4 2”), therefore 


[[@ +) [[@ +e) > [[a@+a3) [Ja +o). 


cyc cyc cye cye 


It’s enough to prove that [[(1+ 7) > [](1 +), or In(1 +a?) > Yin(1 +a). 


Bache: cye eye oye cye 
f(x) =n(1 +02) — In(i +a) — = 5 : 
Its derivative is 
2a 1 1 («—1)(3 — 2?) 


so f (2) is increasing on [1, V3] and decreasing on [0, 1] U[V3, +00]. That implies 


min . f(z) = min{f(1), f(2.2)} = 0. 


0<2<2.2 
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If all a,b, c,d are smaller than 2.2 then we conclude that 
-1 
>0 In(1 + a?) — SS SG. 
S> f(a) > =, n(1 + a*) In(l+a)>5~ 5 


cyc cyc cyc 


2 


+z ee Sk 
attains its minimum 
l+z 
on Rt for z = —14 V2 and g(a) > g(2.2), we deduce that 


1 
Otherwise, suppose a > 2.2. Since the function g(x) = 


g(a) - 9(b) - 9(c) (4) 2 o(2.2)-(g (-14 v2)" 1.03 > 1. 
This ends the proof and equality holds fora=b=c=d=1. 
V 
Problem 55. Find the best constant k (smallest) for the inequality 
a® + bF 4 of > ab+ be + ca, 
to hold for a,b,c are three non-negative real numbers witha+b+cec= 3. 
(Generalization of Russia MO 2000) 
SOLUTION, In example 1.1.1 in chapter I, this inequality is proved for k = ‘ and 
therefore it’s true for every k > 7 Consider the inequality in the case k < a 
Lemma. Suppose a,b > 0 anda+b=2t > 1 then we have 
a® + b* —ab> min (aia _ t?) i 


{ndeed, WLOG assuine that a > b. There exists a non-negative real number x with 


a=t+a,b=t—-. Consider the function 
f(z) =(t+2)' +(t-—2) -? 42? 
then 
f(z) =k(t+2)*"' —k(t — z)*? 4 22, 
J" (ee) = k(k—1) (t+ 2)? + (¢-2)F) +2, 
f'"" (x) = k(k — 1)(k — 2) (t+ 2)*- 8 —(@—2)**). 


So f(x) < 0, hence f”(z) is a monotone function and therefore f’(z) has no more 


than two roots. Since f’(0) = 0 and 


f’'(0) = 2k(k — 1)t*-? + 2 = 2 - 2k(1 —k) > 0, 
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we conclude that f attains the minimum at « = 0 or «= ¢t only. 

Returning to our problem, WLOG, assume that a > b> c. Leta+b= 2t >1, then 
ak + oF + c® — (ab+ be + ca) > min (en? 26 —t?)~2ct+ er 

(i). (2t)* < 2¢* — t?. Using the lemma for 2¢ and c, we obtain 


k 2 
ak +b*+ch—(abt+be+ca) > (2t)*+c*—c-2t > min {(2t fey 2 (« + =) & (t ie <) } ; 


Since 2¢ + c= 3, we can conclude that 


a’ 4b* 4 cf — (ab + be + ca) > min {sh2- oa — i} ; 
(ié). (2t)* > 2t* — t?. We will prove that 9(¢) >0 where 
g(t) = 2t* + (3 — 2¢)* — 2¢(3 — 28) +t? = 2t* + (3 — 2t)* — 6t + 38”. 
Notice that 


g' (t) = 2kt*—! — 2k(3 — 2t)*-1 — 6 4 6t, 
of" (t) = 2k(k — 1) (t*-? — 2(3 — 2t)*-?) +6, 
g!"(t) = 2k(k — 1)(k — 2) (t#-* — 4(3 — 28)*-9) 


Because g’”(£) has no roots if (£ > 1), we infer g’(t) has no more than two roots. We 


deduce that 
1123/2 g(t) = min (st1),9 6) = min (0,2 See i) 


According to these results, we conclude that for all positive real k 


ee 
a’ + b* + c* — (ab + be +ca) > min (2-5-3). 


Therefore the best constant k is 


ae) 2In3—31n2 
In this case, equality holds fora =b=c=lora=b= = ec = 0 or permutations. 
V 


Problem 56. Let a,b,c be positive real numbers. Prove that 


a bie a? + b? + c? 
oe 
he a ab+ be+ ca 
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(Vo Quoc Ba Can) 


SOLUTION. Notice that if a > b > c then 


Gates) = (beged) eames 


| 
| so it’s enough to consider the case a > b > c. By squaring both sides, we get 
a? 2b _ 9(a? + b? +c’) 
a og ee es 
Digna ~ ab+be+ca 
< cyc cyc 


Moreover, using the following identities 


— c)? = e. 
De ee c) ce b)(a — c) 
a boc be ac 
a Ue (b—c)*(b+c)? | (a? — b?)(a? —c?) 
ae gare bc? - abe 


and a? + b? + c? — (ab + be + ca) = (b— c)? + (a — b)(a — 0), we can rewrite this 
inequality to (b— c)?M + (a—b)(a—c)N > 0 with 

Fi MOO ieee AU a 

be b2c? ab+be+ca ’ 

2, (atb)ate) _ 9 
ac a*b2 ab + be + ca 
If b-c>a—b then 2(b— c)? > (4 —b)(a—c). We have 


6 9 
> — - ——— > 

M2? ab +be+ca — 

18 


M= 


N= 


6 
Se es 
M+2N2 be ab+be+ca— 


We conclude that 


Mb 0?+ Nle=Via=o > 2@=dle—o(M 4 NYS 0: 


2 
Now suppose that b-c<a-—b, then 2b < a+ c. Certainly MM > 0 and 
2. Ge Pen 2. B. (y24/3)" 9 
Ne Se Se 
Ge ab? ce ab ac+ab 7 abe hedee 


This ends the proof. Equality holds fora =b= ce. | 
Comment. The following similar inequality is a bit more difficult 


* Given positive real numbers a,b,c, prove that 


2 
Gee ic 9(ab + be+ ca) Sy 


plate a2@+b4+c% ~ 
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ProoF. Notice that ifa > b> c then 


a b b? ioe 
2° a > a BR 2? 


so we only need to consider the inequality in the case a > b > c. Rewrite it to 


pr fl@t+ehye_ 9 Ny gy (fetellete)_ SDN 
ee) ( a’h? a? + b? 4 ¢ Hea!) a®c? a? + b2 4 c2 } ~ 12, 
then we denote 
gp ee. 9 ny (et a)(c+b) | 9 
~ — @2b2 a2 + b? + c2 ’ a a2c2 a2 +b? +c?" 


First we will prove that N > 0, or 
(c+a)(c+b)(a? + bc?) > 9e7a?. 
Since b > c, we may prove the following stronger inequality as 
(c+.a)(2c)(a? + 2c*) > 9c*a? 


or 


2a* — 7a*c 4+ 4c2a + 48 > 0 


or 


(a — c)*(2a+¢) > 0. 
which is obvious, so N > 0. Next, we divide the problem in two cases. 


(i). The first case. a—b< b—c, then 
(c—a)(c— b) > 2(a—b)* 


and the inequality is proved if we can prove that 


(c+ a)(c +b) 10. dg 


ZN S a 
ene arc? at +b?4+c ~ 


Indeed, this inequality is equivalent to 
(c+a)(c+b)(a? +b? 4 c?) > 10a?c?, 


Since b > <—, we infer that (due to AM-GM inequality) 


(c+a)(c+b)(a* +b? +c?) > (c+a) (c+ a¥e) ( +07? 4 F(a + o}) 
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> 2Jfac: V8ac- 3ac > 10ac. 
(ii). The second case. a—b > b—c. In this case, we will prove that M > 0 or 
(a+ b)?(a+b+4c)? > 9a7b?. 


hele ee : 5 
If a > 2b, this inequality is immediately true because a? + b? > gab. So we may 
assume Ital a <'2b. Since c > 2b — a, we only meed to prove that 
a + BY (a? 4 Be + (2b —a)®)? > On 8, 


. b 1 
Let. c= a" ‘then ‘we lhawe 5 <2 '<L. The inequality becames 


ida + LL)? (Sa? —do+'2) > On* 


‘or 


f(x) = Sai" 4 62° — 102? + 2 > 0. 


‘1 
F i) ro = 


. Thenefore F ain, F(x) = f (x0) > 10, and the conclusion follows. 
Sake lh 


The wlerivative f"(x) = 202° + 182° — 202 has exactly one root in 


0+ »\/A81 
40 


V 


Problem 87. ‘Suppose thaia,ib,.c,d are positive real numbers satisfying a® +67 +. + 
d? = 4. Prove that 


1 tt iL il 


ee ae Pe x 2. 
abe Se ae 4 


3 — dab — 
(Pham Kir Hung) 


SOLUTION. Let 2 = abe,y = abd, z =.acd,t =.bed.'The problem becomes 


According to AM-GM inequality, we deduce 


ety = able tad) < atc? ib?) /B(C2 4 


h ; 
WILOG, ‘assume that « X<y < 2% t. (First, we consider the case x+y % r In Ithis 


yg 3/2 
ease, it’s easy to see that.t = bed < (3) and z 1. Since (83—2)~* is aniimereasing 
convex Function, we have _ 


ef Me oe Ws oe - ah: - ellg call tL 


geo Sn, i eh ei Sl -- oo 
Se }3—-y "3-2 3-e73_-14 13 "3-1 * 3p 


ee 2. 
3 
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1 
Now suppose that «+ y > ri Since 
(1 — x)(4a + 3) — (1— y)(4y + 3) = (2 - y)(1 — 4 — dy) 2 0, 
(3 — x)(4z + 3) — (8 —y)(4y + 3) = (2 — y)(9 — 4x — 4y) $0, 
according to Chebyshev inequality, we deduce that 


1-2 _yri(l—2)(tr +3) . 1 ; 
Toa (3—2)(ie 28) — a (= ee: 3) (e (8 —x\(4e + 3): 


‘Gye eye eye 


Tt remains to prove that, 37(1 —:c)(42 4.8) > Wor 5 =124 02-43 2? >. 


aye eye oye 


‘Since 70? = 4, AM-GIM inequality shows that abed < Land 3° £ > 4A. Therefore 


icye icye 


ety t2z+it =nbed (x2) > Aabed > Aa*h?c?d® (x) 


que - 


Let m= 0? ,n = 0? ip =? gq = 0? then )>m = 4. According to («), we infer that 


eye 


> 12 + Among — a minp 


eye 


Since xy <2 d, it follows that m <m <p <ig. Let r= an +p +g) then by 
AIMI-KGIM. inequality, we get -np+ipgthgn < ar? amd npg <it3. oar m. <i, we get 


5 = 12 —4npg(l — mi) — Am(np + pg tigm) > 12 — Ar? (1 —-m) + dom - Br”, 
Replacing m with 4—(3r in the inequality above, we obtain 
5 >A AA -3r)r? — dr (Br — 3) = 12(r —1)°(—7? +27 4 1) 210. 
‘The problem is completely solved and readhes equallity fora ='b=c=u = 1. 
V 


Problem .58. Suppose thet n positive real numbers:24, 29, ..,fn satisfy the condition 


1 Seas ioe a) _m 
they Lae ee 
Prove that 
ij a @, +2, 2 
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(Titu Andreescu, Gabriel Dospinescu) 


1-2; 


SOLUTION. For each i € {1,2,...,n}, we denote a; = en :. Therefore, a} +a9+...+ 
a be 
a, = 0 and a; € [-1,1]. Consider the expression : 
Tr Tr 
=>: epg a SAE Os). 
rit 2; 1 — aja; 


i,j=l ij=i 


We have S 
Tr 
P= S°(1+4i)(1 +.45)(1 — aaj) =n? — S~ ada? < n?. 
ij=l ij=1 
According to Cauchy-Schwarz inequality, we conclude 
2 


2S-P> 2 (1+a;)(1+a;)}] =n. 


ij=l1,n 


2 
Therefore S > = and the equality holds for x} = 22 =...=2%, = 1. 


V 


Problem 59. Let a,b,c be non-negative real numbers. Prove that 
ab be fn ca. a+tbt+c 
PpAbA de be de tae c+4a+4b — 9 ; 
(Pham Kim Hung) 


SOLUTION. WLOG, we may assume that a + b 4+ c= 8. The inequality becomes 


3ab ab b 
erage ee ae 


cye cye cyc 


# S>o(4-5)(4-¢) <[[(4-2) @ 0b 40'?c+cCatabe< 4. 


cye cye 


We have two different solutions, for this last inequality 


First Solution. Since a +6 + c= 3, the inequality can be rewritten to 
27(ab + b?c + c’a) + 2Tabe < 4(a +b + 0)* 


= 275 a7b + 27abe < 453 °a3 + 125 a?b+ 125 — ab? + 24abc 


cyc cye eye cye 


2 155 a?b+ 3abe <4) a3 +125) ad? 


cyc eyc eye 
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> 12 (Sete East <4 (se 52) + (sane >" 


cyc cye cyc ceyc eye 


This inequality can be rewritten to 
12(a — b)(a — c)(b—c) < Sa(b— 0)? + So(c— a)? + S(a—b)? (x) 
where S,, 5%, S_ are given by 
1 1 1 
Sq = 2b4+ c+ glatbte), Sp = 2e+a4+ pla tb+ c), Se=2atb+s(atbtce). 


Notice that we will prove (x) for all non-negative real numbers a, b, c (we have already 
dismissed the condition a + b+ ¢= 3). Because all S,,5,,S_ are lmear functions of 
a,b,c, if we replace a,b,c with a — t,b —t,c—t (t < min(a,b,c)) then the differences 
a—b,b—c,c—a are unchanged, the left hand expression of (x) is unchanged but the 
right hand expression of (*) is decreased. So it suffices to prove the inequality in the 


case min(a, b,c) = 0 (as we let t = min(a, b,c)) and it becomes 
a*b <A, 
which is clearlyAM-GM inequality because 2a + b = 3. 
Second Solution. WLOG, assume that b is the second greatest number of the set 
{a, b,c}. We certainly have 
c(b—a)(b—c) <0 © e(b? —be—batac) <0 © Beta < belatec) 
and it remains to prove that 


be(a +c) +a7b+abe<4 & Blatc)? <4 


which is also AM-GM inequality. Equality holds for a = 2,b = 1,c = O up to 
permutation. 


Vv 
Problem 60. Suppose that n is an integer greater than 2. Let aj, a9,...,Qn be positive 
real numbers such that a,a9...an = 1. Prove the following inequality 


a,+3 ag+3 Qn+3 
————_—~ + ——_— + ... + —— = 3. 
(a +1? "(@+tP "fa, +P = 


(United of Kingdom TST 2005) 
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SOLUTION. Notice first that it is sufficient to prove the inequality in the case n = 3. 
For a bigger value of n (n > 4), we only need to choose from the set {a1,a9,...,@n} 
the three smallest numbers, say a),a9,a3. Since ayaga3 < 1, there exists a positive 


a 
number k such that — = — = = k > 1, then 
ay ag ag 


¥ aj+3 ~ a,+3 ag+3 ag+3 > Gay a 
—~ (a; +1)? ~ (a; +1)? (aes, (arly? = (a +1)? 


We will now prove that if a, b,c are positive real numbers and abe = 1 then 


a+3 b+3 c+3 


eT ee a eo 8 
(a+)? * 4)? * (e+? = 

Let a b) = 2 Cc i . The inequality becomes 
i act. hee oe eq Y O 


atbht+atal ++ >6. 


Since abc = 1, we have 


1] 1 abe 1 
aa) Pig ig LL Om er ainiet 


eyc cyc 
Let «= a, —1,y =b; —1,z =e, — I, then 2, y,z € [—1,1] and we infer that 
(c+ D(y+1)(z+1) =(-c)\1-y)Q-z) s>ety+2z4+a2zyz =0. 
By AM-GM inequality, we deduce that x? -+ y? + 2? > 3(xyz)?/3 > 32yz, thus 


a, +b, +1 +a ++ —-6= 5S (a-Y(a +2) = 50 2(2 +3) > 0. 


cye cyc 


This ends the proof. Equality holds for a = b =c=1. 
V 
Problem 61. Let a,b,c be non-negative real numbers with sum 2. Prove that 


Vat b—2ab+ VJb+c— 2bce4+ Veta — 2ca > 2. 


(Pham Kim Hung) 


72 


SOLUTION. WLOG, we may assume that a > b > c. Let x = a+b—2ab,y = b+c—2be 


and z= c+a— 2ca. The inequality is equivalent to (after squaring) 


25> Vey > 25 ab. 


eye cye 
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Notice that 22 = c(a+b)+(a—b)? and 2y = a(b+c) +(b—c)*, so Cauchy-Schwarz 


inequality gives us that 


2/zy > Vca(a + b)(b +c) + |(a — b)(b—0)I. 


Applying Cauchy-Schwarz inequality again, we have 


/ca(a + b)(b +c) = Vea: /(a+b)(c+b) > Vea (Vea + b) = ca + bea. 


It remains to prove that 


S-|(a—b)(b -c)] + > bea > Sica 


cyc cyce eye 


2a)? + 2(a—b)(b—c) > J b(Ve- Va)’. 


cyc 


Denote Ye = m, fa- Vb =a > 0, Vb— J/e= @ > 0. The inequality above becomes 
2(a + B+ 2m)?(a + 6)? + 2a8(2m + B)(2m + 26 + a) > 
> (m+ B)?(a+ 6)? + m@a* + (m +a + B)*B?. 
This last one can be reduced to Mfm? + Nm+P > 0 where 
M = 8(a + B)? + 8aB(a + 6)? +07 4+ 6? >0. 
N = 8(a+ £)° + 408(a + 36) — 26(a+ 6)? — 2(a+ 6) 6? > 0. 


P = 2(a + B)* + 2a6?(26 + a) — 26? (a+ 6)? > 0. 


We are done. The equality holds for a = b= c= ; and a = b= 1,c = 0 up to 
permutation. 


V 


Problem 62. Let a,b,c be non-negative real numbers such that a? + b? +c? = 8. 
Prove that 


<1. 
b+2 ec+2 at27 
(Vasile Cirtoaje) 

SOLUTION. After expanding, the inequality gets a simpler form 


ab? + bce? + ca? < 24 abe. 


NL 
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WLOG, suppose that b is the second greatest number in the set {a, }, c}, then 
a(b—a)(b—c) <0 4 a2b + abe > ab? + ca?. 
Therefore suffices to prove that 
2 > a7b+ be? + b(a? +c”) <2 & b(3 —b?) <2 & (b—1)7(b +2) > 0, 


which is obvious. Equality holds fora = b =c=1ora=0,b=1,c = V2 up to 
permutation. 
V 


Problem 63. Let a,b,c be non-negative real numbers. Prove that 


a(b+c) b(cta)  c(a+b) as 
a? + be b? + ca e+ab 77 


(Pham Kim Hung) 
SOLUTION. The inequality is equivalent to 


Sa(b + c)(b? + ca)(c? + ab) > 2(a? + be)(b® + ca)(c? + ab) 


eye 
Se Ss ai(b? +c*) + Babe) © a?(b+c) > 4a7b*c? +2 ye a°b® + 2abe S- a® (x) 
cyc cyc cyc cyc 
According to the identity 
(a — b)?(b—¢)?(c—a)? 


= S-at(b? peje 2abeS > a*(b+c) —-2 s- a°b? — 6a7b*c? — 2abe )~ a: 
cyc 


cyc cyc eyc 


we can rewrite (x) as 


(a — b)*(b — c)?(c— a)? + 2078? ce? 4 abe oy a*(b +c) > 0. 
sym 
which is obvious. Equality holds for a = b,c = 0 or permutations. 
Comment. According to the same identity, we can prove the following inequality 
(notice that without this identity, these problems are really hard) 


* Let a,b,c be three non-negative real numbers. Prove that 


a(b+c—a) b(ec+a-—b) clat+b-c) 
mi ES): 
a? + 2be b? + 2ca e+2ab ~ 


V 
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Problem 64. Suppose that a,b,c are the side lengths of a triangle. Prove that 


a f b re Cc ab+be+ ca _ 5 
b+e ate atb a?+b?4+c27 2 


SOLUTION. With the following identities 


2a (a — b) 
Soe Doar = era) 


cyc 


2(abt+be+ca)  (a—b)*+(b—c)? + (c—a)? 


a a+h4+e 04242 


’ 


we can transform our inequality to S,(b— c)? + S,(a — c)? + S,(a — b)? > 0 where 


a? +b 4c? a+b? 4 a? +b? 4 ¢? 
Sq = 1- >, 8 = 1 - Se = 1 - 
(a+b)(a+c) (b+ a)(b+c) (c+ a)(c+b) 
WLOG, suppose that a > b > c. Then, eae Sa > ae: pare a,b,c are the side 
lengths of a triangle, we get that a < b+ec and © 2s = ee Moreover 
a-b~c7~ ate 
_ a(b+c-a)+c(b—c) c(b—c) 
PT a +by(b+e — (at b)(b+0)’ 
Ss _ a(b+c—a)+(c— b) b(c— b) 
o ato(ers) = (at oye +s)’ 


so we can conclude that 


5" Sa(b—¢)? > (o- 9 (S- $,+ 5.) 


cyc 


(a — by? b?c(b — c) c’b(c — b) 
are (aie : ese) 


_ (a—b)?(b—c)b (b_ atb 
~~ (a+b)(b+c) ( ) 20. 


c ate 
Equality holds for a = b= cora=b,c= 0 or permutations. 


V 


Problem 65. Let a,b,c be non-negative real numbers. Prove that 


1 1 1 6 
ee — 
Vae-+be Vb? + ca Geta = aba. 


(Pham Kim Hung) 
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SOLUTION. First solution. Taking into account problem 15, we have 


J 1 1 9 6 
SS eee 
Vat+be Vb+ca Ve?+ab™7 Va2+bce4+ Vb? +ca4Ve+ab”~ atbte 


Second solution. Applying AM-GM inequality, directly we have 
a: Se ee ee 
Va +be VRP +ca Ve +ab~ ¢/(a? + bc)(b? + ca)(c? +.ab) 


It remains to prove that ifa+b+c= 2 then (a? + bc)(b? + ca)(c? +. ab) < 1. WLOG, 


we may assume that a > b >, then 


(a+$) >a? +be; 


(P+ + ab-+ac)” > 4(b? + ca)(c? + ab) ; 
Moreover, 
4 (a+ <) (b? +c? + ab+ac) —(at+b4+c)* 
= —(a — b)?(a +b) + (ac — 3a7c) + (c? — be? — b*c) < 0. 


We conclude that 


(a? + be)(0? +-00)(c? +.ab) <7 (a+S) (42 +ab+a0)” < Gg per =1 


~ 64 


This ends the proof. Equality holds for a = b,c = 0 or permutation. 


2 


V 


Problem 66. Let a,b,c be positive real numbers. Prove that 


ae b3 e atbte 
f+ — > 
2a? —~ab+2b2 2b? ~bc4+2c? 2c? —ca+ 2a? — 3 
(Nguyen Viet Anh) 


SOLUTION. Rewrite the inequality form as follows 
a(a? + ab — 2b*) 
2 2a? Sa ae 2 3(2a? -- ab + 26?) 
a(2a + b) 1 
=e!) C= — ab + 2b?) 3) 


(a — b)? (2b — a) 
= ~ 2a? —ab+ 2b? i 
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We may assume that a = max{a, ), c}. If {2 us “| € (0, 2], we are done. Otherwise, 
c 


we need to consider some subcases 


(i). The first case.a > b> c. Ifa > 2b then 
as ss b3 
2a? —ab+ 2b? — 2° 2b? —bc4+ 2c? 
a? b3 3 
= 2a? — ab + 2b? = 2b? — be + 2c? = 2c? — ca + 2a? 
Otherwise, b > 2c. Then 
3 3 
aA ee aE 
2a2 —ab+2b? 262 — be 4+2c2 =. 2c? ~ ca 4+ 2a 3 


+ 
Nilo 
IV 


b 
(ti). The second case. Ifa >c > b, thenO< 5 <10< “ < 1. We may assume 
that a > 2b, then 


a a 
>= 1 
2a? —ab+ 2b? — 2 (1) 
We will prove now that 
b b oc 
Soe aes 
2b? —be+2c? ~ 3 9 (2) 


Indeed, this inequality is equivalent to 
f(c) = 2c3 — 7c7b + Seb? + 3b3 > 0. 


With the condition c > 6, f’(c) = 6c? — 14cb + 5b? has exactly one root c) = 


oe therefore f(c) > f(co) > 0. (2) is proved. 


Similarly, we will prove that 


a 3 Ac 


ne rela ere ae 
6 Toe eu oa? — 9 
Indeed, this inequality is equivalent to 


(3) 


6a? — 19a2c + 14ac* + 2c3 > 0, 


which is true due AM-GM inequality. Adding inequalities (1), (2) and (3), we get 
the desired result. Equality holds for a = b=. 


V 


Problem 67, Prove that for all positive real numbers a, b,c 


2 2 4 4 
Ge eae ee 
b c a 3 


nr rr, ne re 


9.0. Problems and Solutions 205 


SOLUTION. Applying Hélder inequality, we obtain 


ae aa 2 2 ; 
a ele re ap ee (a7b? + be? + ca?) Sa ES he). 
b Cc a b c a 


Let x = a?,y = b?,z = c?. It remains to prove that 


(z+ y4+2)* > 3(ay + yz 4 zz)V/3(x? + y? + 22). 
a ftytz)? 5 3V3(e? +9? +27) 


zryt+yz+ 22 7~ ZE+ytz 
a ry +-2)? +(@~-2) 5 3 ((« ~y)? + (y—z)? + (z—2)?) 
2(xy + yz + 22) ~ (et+yt+2)(atyt2+ Va tyt+e) 
= 6(ry+ yz2+ 22) < (x+y4+2) (c+ytzt Va? +9742) 
which is obvious. Equality holds for « = y = z or equivalently a = b=. 
Comment. By a similar approach, we can prove the following inequality 


* Let a,b,c be positive real numbers. Prove that 


a? ze b2 i roa L8 aft +b4 +4 
bic eta @a@+67 2 3 : 


Moreover, an extended result for four numbers is also true 


* Let a,b,c,d be positive real numbers. Prove that 


oe er , 
Pe gt eve at tb44+ 44 d4, 


ae 
b 
V 
Problem 68. Let a,b,c be non-negative real numbers with sum 3. Prove that 
(a + b?)(b + c*)(c +a”) < 13 + abe. 
(Pham Kim Hung) 
SOLUTION. We will first prove that if a > b > c then 
(a + b*)(b4+ c*)(c+ a) > (a? + b)(b? +. c)(c? +2). 

Indeed, just notice that 


>-a8b— ) ab? = (a+ b+ c)(a—b)(b — c(a—o), 


cyc cyc 
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5 a?b8 —S° ab? = (ab + be + ca)(a — b)(b — c)(e—a). 


cyc cyc 

Therefore 
[[(@ +2?) -[][(@? +4) = (e-b(b- d(a-o) (xe- ye] >0 
cyc cyc cyc cyc 

because 


Sre— Joab = : ((a+b+0)? —3(ab+be+ca)) = 3 Leo > 0. 


cyc cyc 


According to this result, we see that it’s enough to consider the case a > b > c. Let 


f(a,b,c) = (a+b?)(b+e?)(e+a’) —abe= YS a%d+ S02 +.07b'e?. 


cyc cyc 


We will prove that f(a,b,c) < f(a+c,b,0). Indeed 


f(a,b,c) — f(a+e,b,0) = Sab + » ab? + a7b?c? — (a+c)*b— (at c)7b 


. cye eye 
= Bet+ca+b?3 4+ a3 + a2b?c? — 3a7be — 8ac2b — 2ach? — c*b?. 
Since a > b > c, we get that b8c < ac? 8a < ac’b, b?c3 < cb3. Finally 
ca? +a7b*c? < 3a7be 
is true because 
8a?be — c?a* — a?b?c? > bea?(3 — a — be) = bea?(b+¢ — be) > 0. 


This inequalities imply f (a,b,c) < f(a +c,b,0) = (a+ c)*b(a+c+?). It remains to 
prove that ifz,y > 0 andz+y=3 (x=a+c,y = b) then x*y(x + y”) < 13. 


Indeed, the left-hand expression, changed to a function of z, becomes 
f(z) = (9+ 2? — 52)(32? — x3). 
Applying AM-GM inequality, we deduce that 
f(z) < 7 (-28 + 4x? — 5x +9)?, 
and according to AM-GM inequality again, we get 
4 


a +4a° — Sa +9=(e—1)(2—-2)+ 7574+ 5. 
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Thus, we conclude that 


Ly ame 2 


Comment. With the same approach, we can prove the following stronger results 


% Let a,b,c be non-negative real numbers with sum 3. Prove that 


(a+ b’)(b+¢*)(e+a”) < 13 + abe(1 — 2abc). 


% Let a,b,c be non-negative real numbers with sum 3. Prove that 


(a+ b*)(b+ ?)(c +a?) < 13. 


V 


Problem 69. Let a,b,c be positive real numbers. Prove that 
(a+b)? | (b+e)" | (c+a)? 
e+ab attbe b+ac 7 ~ 
(Peter Scholze, Darij Grinberg) 


SOLUTION. We have (a + b)? — 2(c? + ab) = (a? — c*) + (b? — c?), therefore 


(a+6)? | (b+0)? | (eta)? _ 6 Se — b?) + (a? — e’) 
ce+tab  a*+tbe b?+ ca ~ a? + be 


cyc 


1 a—b)°S, 
=e sh) (ate b2 a) ar al S 


cyc 


where M = (a? + bc)(b? + ca)(c? + ab) and Sy, Sp, S- are determined from 


Sa = (b+ c)(b4+c—a)(a* + be), 
Sp = (c+a)(e+a — b)(b? + ac), 
= (a+b)(at+b—c)(c* +ab). 


2 2 
(a—¢) > — 2 so we have 


j > 
Now suppose that a > b > c. Certainly, S$, > 0 and ———> = =g 2 


Se Sa(b—c)? > (a—c)*S,+(b—c)?Sa 


cyc 


a—c) c—)?(a? b?S, 
=(e- 9 (Fo = frst Sa) 2 ste eB Sere ya Sot ) 
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On the other hand 


a’Sp +b°S, =a*(a+c)(a+c—b)(b? + ac) + b?(b4+ c)(b+ ¢—a)(a? + bc) 
> a(a — b) (a?(b? +.ac) — b*(b? + ac) )> 0. 


We are done. Equality occurs if a = b = cor a= b,c = 0 or permutations. 
V 


Problem 70. Find the maximum value of k = k(n) for which the following inequality 


is true for all real numbers x1, 2X9,...;2n 
oe (x1 + 5) Ae oe a (vy + 2g +...+ aye > k(a1+2%9+...4+ Ha) 
(Le Hong Quy) 
SOLUTION. Let aj, a@2,...,@, be positive real numbers, then 


1 
ay? + me ys + 2yiy2 > 0 


1 
agys + a - 3 + 2yoys > 0 


1 
Onigyt 4 af re : ye + 2yn—19n 2 0. 
Th 
Adding up these results, we obtain 


n—-1 


yn +2 >> vivins 2 0 (x) 
i=1 


1 ] 
ayy? + (4 +a.) yes (; : + 9-1] yet 
ae 


an 


We will choose n numbers a), @9,...,@, such that 


1 1 
aq =—+a=..= — 1, 
Qa} Qn-1 
With some calculations, we find out a, = nee. where a = at . Inserting 
sin(ka) 2n 4-1 


these in (x), we conclude 


me 
mi 

Se 
a= 

l 
& 
Ps 
+ 
— 
ed 

,’ 


k=1 
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Setting yx, = 2% + 29+... + 2% Vk € {1,2,...,n}, we obtain 


a 
4 cos” 3 (x? + (a1 +20)? +... 4+ (21 +29 +..4+2n)?) >a? taht... 4c%. 


1 . 
The best (greatest) value of k is Toot with equality for 
geen . 2(k-1)a 
_ .4)k 
xp = (-1) (sin + sin oot ) 


Comment. In example 6.2.4, we proved (by Cauchy-Schwarz inequality) 


1 
oe + x +...4 x), 
2(2n-+1) 


What a strange and interesting coincidence! One problem asks for the maximum 


x? + (xy +22)? +...4+ (a1 +29+..4+2n)? < 


value, the other problem asks for the minimum value, one problem is based on the 
AM-GM inequality and the other on Cauchy-Schwarz inequality, but both come 
to two similar results, with the appearance of = 

2n +1 
V 


Problem 71. Let a;,a9,..-,Qn be positive real numbers with sum n. Prove that 


a ie ae ree os Leas 8(n—1)(1 ecaleanian?. 
ai a2 an n 


(Pham Kim Hung) 


SOLUTION. We prove this inequality by induction. If n = 2, the problem is obvious 


1 1 

—+—-2> 2(1 — aja2) = (1 —ayay)* > 0. 

aQy ag 

Let’s consider the problem for n + 1 numbers with the supposition that it is true for 
n numbers. We assume that a; < ag <... < an < Gn41. For each ¢ € {1,2,...,n}, we 


denote b; = =, where t = i a el < 1. Applying the inductive hypothesis 


n 
for by, bo,...,6,, we obtain 
1 1 1 
—+—4...4——n>c(1 — by, bo...6,), 
oe aa n> c 1b2...bn) 
for alle < Seo). Replacing b; with a, we deduce that 


n n ~ n n 
t 1 1 c nm Cc 
—n+) £>e(1- 41a) = ses (Io) 25490 
i= i= 


i=1 i=1 
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8n F 
(n +1)?’ 


eh a n+1 n 1 n 1 
= asks = . es gS tee 
n Tet ny oo ee ee 


i=l 


hen 


For n + 1 numbers, we need to prove that, if k = 


Let ¢ = (kan41)t"*+. According to AM-GM inequality, we deduce that 


a + nt a 
oa (oe =1, 
Cece ( n+1 ) 
hence d < kt Ck = eee < lise 8 On the other hand, notice that (x) holds 
(n + 1)? n? 
a= 
for alle < ee It also holds for c = c’, so we have 


n 1 n n e 
ye a + (kan+1) (11 7) 2 7 + kanyit”. 


i=1 i=1 


It remains to prove that 


+ kan4it” + Sn PLE 


Ont1 


Replacing an4, with n + 1 — nt, we obtain an equivalent inequality 


1 
Ft a 7 MF) BA (nt? — (n FE $1) 
n(n +1) 8n 


———_—_——- > —— — nt 
intian) “@pie ot +nt™*) 


which is obvious because t < 1 and t(n +1 —nt) . We are done. 


gy 
~ An 
V 
Problem 72. Let x,y,z be non-negative real numbers with sum 1. Prove that 
VetyrtVJ/yt224+Vz42? > 2. 


(Phan Thanh Nam) 


SOLUTION. Notice that if a, b, c,d are non-negative real numbers such that a+b = c+d 
and |a — b| < |c—d|, then we have 


Vat vb > Vet Vad (x) 
Indeed, since (a + b)? — (a — b)? > (c+ d)* — (c—d)?, we have ab > cd, therefore 


a+b4+2Vab>c+d+2Ved = fat+vb> Vet Va. 
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According to («), we deduce that 


VotyrtVyt+22 > (at+ty+Vzt+y?. 


2s 


We conclude that 
Vety+Vyt22?4+Vzt+22 > (e@ty)t+¢Vzt+y24Vz42? 


zatyty(vz+ V2)? + (e+)? 


=1l-z+V/4z2+ (l—z)? =2. 
1 
Equality holds for x =y=z= gree 1,y = z=0 or permutations. 
V 


Problem 73. Let a,b,c be positive real numbers with sum 3. Prove that 
1 1 1 


— + —; + —— 
240 + 24Re top au =! 
(Pham Kim Hung) 
SOLUTION. According to AM-GM inequality, we have 
1 1 a*b? lh. Sa Lae 
24+07b2° 2 2(2+0787)-2 BY 2 6 


We deduce that 
1 3. h6«i 4 
se eA, ie /374/3 
dae 23 ae: b 


cyc 


and it remains to prove that 5~ a4/3b4/3 < 3, By AM-GM inequality again, we have 


cyc 
35) 4/04/83 = 3 abVab < 5” abla +b + 1) = 4(ab + be + ca) — 3abe. 
cye eye eye 


Recalling a familiar result (a + b—c)(b+c—a)(c+a-—b) < abe, we have 
(3 — 2a)(3 — 2b)(3 — 2c) < abe & 4(ab+be+ ca) — 3abe < 9. 
We are done. The equality holds fora =b=c=1. 


Comment. The following general result is proposed by Gabriel Dospinescu and Vasile 


Cirtoaje 


*% Suppose that a,b,c are three non-negative real numbers adding up to 3. Find 


the maximum value of k for which the following inequality is true 


(ab)* + (be) + (ca)¥ < 3. 
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Let’s examine this problem. It is obviously wrong if k < 0. It is obviously true if 


0<k <1. Consider now the case k > 2. With the supposition a > b > c, we have 


2k 
(ab)* + (bc)* + (ca)* < a*(b+c)* = a*(3—a)* < (3) : 


a 


fl <k <2, we let t= Pend w= 25" thina=ttu,b=t—u. Denote 


f(u) = cf (t+ u)¥ + (t—u)*) +0? —u?)* 


then its derivative is 


/ os 1 1 2u 
ro) = bee (Gar ETB): 


Applying Lagrange theorem for the function g(z) = a-* we deduce that there 


exists a real number to € [t — u,t + u] such that 


1 1 | uk = 1) 
Gu! G+oRt 


to >t-u>cand k <2, so we get f’(u) < 0 by 


i " 1 _ 2u(k—1) . 2u 
(¢—u)F-1  (ttujF-2 tH 


Thus f(u) < f(0). It remains to consider the case a = b > 1 > c. Denote 
h(a) = 2a*(3 — 2a)* +. a?*, 
then we have 


k 
h'(a) = 2kak-1(3 — Qa! (s — 4dat+ aoe) : 


With the condition 0<a< = 
k Ina — (k — 1) n(3 — 2a) = In(4a — 3). 


the equation h’(a) = 0 has only solutions a > 7 and 


We denote g(a) = kina — (k — 1) In(3 — 2a) — In(4a — 3), then 


(k —1)a 4a 
aq'(a) = k+-———_ ~ ——_.. 
q(a) a 3—a 4a —3 
‘ a = 
Notice that both 3 and ne increasing functions, therefore the equation 


_ 4a—3 
aq'(a) = 0 has no more than one root, therefore the function g(a) = 0 has no more 


than two roots and therefore the equation h'(a) = 0 has no more than two roots. 
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Because h/(1) = 0 and q’(1) =k + 2(k —1) —4 = 3k —6 < 0, we easily deduce from 


the variance table that 
h(a) < max {A(L),h (3)} : 


We conclude that for all positive real numbers k then 


(ab)* + (be)* + (ch mf 8 (3)"t, 


and equality is reached for every k. Therefore the maximum constant k that we are 
In3 


looking for 1s 2(n3 — In 2)" 


V 


Problem 74. Consider the positive real constants m,n, such that 3n? > m?. For 
real numbers a,b,c such thata+b+c=m,a?+b?+c? = n?, find the maximum and 
minimum of 

P=a*b+b?c+ ca. 


(Le Trung Kien, Vo Quoc Ba Can) 


m : a 
SOLUTION. Let a = & +2 Sy eae c=2z+ 5 From the given conditions, we get 


3 ’ 
3n? — m? 
thatz+y+z2=Oand 2? +y?+27= mere ae ‘The expression P becomes 


Ss 
m 
Paaytyztzat —. 


Notice that 


ee 3n? — m? 
Since 2+ y-++z = 0, we get ey +yz+2n= —5(a +y? +27) = -——_——. Therefore 


, 7 * | n? — m2)? 
So a*y a Sosy —2ayz Soe = So ay a 


cyc cyc cyc cyc 
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and we get 


9 3/2 
12 —54 (sro) > a’y > 0 


cyc 


or in other words, 
2 (3n? —m?\3/? 
2 
bevs5 (AS) 
If we choose 


Disa? EI) Soa 8 
= 4/2(8n? — m?) Qn 4/2(3n? — m?) 4m ot of 2(3n? — m | eres 


7 ea oes 3 9” 
then 
Pp 2 (3n* —m? ee cate 
ma) 2 9 
So 
2 {3n? —m? a m3 
maxP = 5 ( 5 ) +> 


Similarly, by considering the expression 
2 
2 18ay 
DB sa Sn? — m2 * Bn? — me eo ee 
cyc 
we easily conclude that 
2 (3n? —m?\*/? m3 
ips ee ate. 
oe 9 ( 2 ) 9 
The problem is completely solved. 


V 


Problem 75. Suppose that a,b,c are three positive real numbers verifying 


i ree Ses | 
b —-+—-+4+-~] =13. 
(a+ +9 (24544) 13 


Find the minimum and maximum values of the expression 


mes +534 
- abc ; 


P 


(Pham Kim Hung) 


SOLUTION. Denote 


b 2 be 
e=opiv=drim=opin= da: 
cyc 


eye cyc cyc 


9.0. Problems and Solutions 215 


We have «+ y = 10 and 


3 b3 
a =3(m+n)+6+ 0°55 5 8 =3(mtn)+6+ >= . 
cye 


cyc 


The identities above yield that 


1 1 
ae +y* = {a* +8408) (4 tt a) +6mtn) +9 

We also have 

a. 3 3 3 1 1 1 

m= 3+ E+ Deas s+a(Seded 
cyc cye 

and 

a bee bo coa 

ay=(-+-4+- ~+7>4+-—]=34+m-4n 
b a a b 


thus we infer that 
10° — 3013 +m+n) = mn+6(m+n)+9 


¢ 10°—99 = mn + 36(m +n) 


so m,n are two positive roots of the quadratic 
f(t) = t? — (zy — 3)t + (1009 ~ 36zy). 
Letting now r = zy, we can determine 


= (xy — 3) + V (zy — 3)? — 4(1009 — 36a) 


Consider the function g(r) = r — 3 — Vr? + 138r — 4027 for 0 <r < 25. Notice that 
2 
g(r) =l- oo SEIS, <0 
QVr? + 138r — 4027 
so we conclude 11-23 < m < 114273, with equality for z—y = (a—b)(b—c)(c—a) = 
0. The minimum of m is 11~2/3, attained fora =b = (2 + V3) c up to permutation. 
The maximum of m is 11 + 2V3, attained for a = b = (2 - V3) c up to permutation. 


V 


Problem 76, Prove that for all positive real numbers a,b, c,d, e, 


a+b b+t+ec+d dt+ee+a ce atbte b+c+d ctd+t+e d+eta oper? 


—— 9 i 2 


2 2 2 Z 3 3 3 3 3 
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SOLUTION. We will first prove that for all a,b > 0 anda+b<1 


G-) 6) Ge) 


Indeed, this result can be rewritten in the following form 


we eM Ag Ad ate eh Poe 
ab a ob” (a+b)? a+b ab (a+b)? 
(a—b)? . (a-0) 


ab(a +b)? ~ ab(a +b) 


@ (a—b)?(1—a—b)>0. 


Return now to the original problem. We may assume that a+b+c+d+e=1, then 


a+b a+tb+ce atb+c 36 1 35 
< Bias Be cela aa cig Sh pe: 
TI (*3*) <1( 3 ) # T( ize ee Pl aes 1) 25 


cyc cyc 


According to (x), we deduce that 
1 1 De : 2 : 
= A ee enone =), 
(ae 1) (a 2 (qcecn 1) C= 1) 


This result shows that 
2 Il+e 
71) =11 (74). 
cyc 


1 
a = 
Nae) =O 
The function f(z) = In(1 + x) — In(1 — z) is convex because its second derivative is 


cye 


f"(z) = fica? + (2 > 0, therefore Jensen inequality claims that 


Erorzer(5)=s—(2) =T(F) =e 


cyc 


We are done and the equality holds fora =b=c=d=e. 
Comment. By the same method, we can prove the following general result 


& Let aj, 09,...,don41 be positive real numbers. For each k € {1,2,...,2n +1}, we 
define numbers Sx, Px as follow 


Sy = Get + OK49 +. +Gkin . Ok+1 + Ok49 +. + Okindt 
a of 


n n+1 . 
with ap4enr1 = az. Prove that 


Sy + Se°++Songi < Pr Po-+ Poni. 


V 


ee 
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Problem 77. Let a,b,c be non-negative real numbers. Prove that 


a‘ : bf < ce at+tbte 
@4+6 B+ ° &+4+a3 ~ 2 — 
SOLUTION. Notice that 
4 = 2 2 2 _ 72 
2a _,— 3 Yai a(a Gb eB). 8 at + ab eis hye 
a3 + BB 2 a? +58 Z 3(a3 + b3) 
Therefore the inequality can be transformed to 
Sa(b—c)? + Sp(a —c)? + S-(a — b)? > 0, 
in which the coefficients S,, 5, S_, are 
3c? + bc — b? 38a? + ca — c* 3b? + ab — a? 
gears, OS ees Os — ee ep 
be +e acta ae +b 
The first case. If a > b> c, then clearly Sy > 0 and 
3a? +ca—c? 2(3b? +ab—a’) 3a? 2a? 
: = + —————_.— > — - = 2 
Behe, 3b+as a® + b8 ~S8+a3 a +3 — 
2/972 2 2/92 2 4 4 
9 9 a*(3a? +-ca—c*) | 2b?(3c* + be — b?) 3a 2b . 
So Ee ee ee oe SG 
a de c+as B+¢4 3 gs eth 


So we conclude that 
ae 
25° Sa(b—c)? > (Sp + 25c)(a — b)? + (b—c)? (28, + 77 >0. 
cyc 
The second case. If c > b > a, then clearly S,,S, > 0 and 


8c? +be—b? §2(8a? + ca—c*) _ 3c? + be 2c? 


Bee Ee ee 0 
Sa + 25p B+ e+.a3 —~ B+ a+ ~ 
Bp? - 1a 3 ‘2 2. IC — ie? pb? Pe 
5.4085, —  teb— ew , Bolten!) BE 8a, 
a3 +'b8 ce a8 oF +43 ch +08 


We conclude that 


2°)” Sa(b—x)* = (Sq +: 28p)(b—1c)? + (B56 + Se)(a— Bp? > 0. 


oyc 


‘The proof is finished and tthe equality holds fori = 'b = c. 


WV 


Problem 78. Let a,b,c be positive real numbers. Prove thet 


ruts ere me vow wb fe 
V a2 dab +02 " V3 
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(Le Trung Kien) 


SOLUTION. Let xz? = a,y? = b and z? = c. The inequality becomes 


S as ue at Zz “Z£tyt+t2z 
,/74 + oy? + y4 [yt 4 y2z2 + 24 zt 4 22g? +74 ~ WSS 


Squaring both sides, we obtain an equivalent form 


223 y3 1 
eee >= +2) ay). 
d, of 4 _ + y4 +) aes (a4 4 ey? 4 y*)(y4 +4 yz? +4 2) 3 DS = 


cyc cyc 
x — y8 
Notice that >> SI TT «= 0, so the above inequality can be transformed to 
cye F + ZY + y 
6x3y3 1 3(2° + y® 
> eae 2a (St a) 


623 y3 6x3 y x 4 (a 2 
* OSS ee eee 
Ge EE ree) aA ty? pat 
Then, the following sequences 
zsy3 yz 2343 


(ss +22y2 yt \/yt + y2z2 + 24 z44 z272 4 v4 


1 1 1 
(<a tary? 4 yt? Syd + y22? 4 24 24 + 220? =) | 


are monotone in the opposite order, so Rearrangement sia shows that 


DSS 


3,,3 
= 2) rate 
ae Vi PE EA) py 2) vt Py ed 


This ends ithe proof. Equality halds for a =.b =i. 
V 


Problem 79. Let a,b,c be non-negative real numbers with sum 2. Prove that 


web ra be F co. “1 
bte® te? 14+ 7" 


(Pham Kim Hung) 
SOLUTION. We denote 2 =iob + be-+.caiand p = abe According ito the identities 
A =a — b)b—e)"e— a) = 40?(1 — 2) 4+ (Oe —B)p— 27 p?, 
B= 5" aa—b)a—c) = L2p+A(l — x) (4 — 2), 


ope 
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we can rewrite our inequality as 
(1 — x)(5 — 2x + x*) + (62 — 2)p — 2p? > 0 
& 6A+ >(1 + 9x)B + (1 — x)*(365 — 1472) > 0, 
which is obvious because 2 < . The equality holds for a= b= c. 
V 


Problem 80. Suppose that aj,a9,...,d, are non-negative real numbers which add up 


ton. Find the minimum of the expression 
1 1 1 
S= a? +a? +... +a? + Q1Q9...dn & +—+..4+ —) : 
(Pham Kim Hung) 
SOLUTION. Consider the following function 


1 1 1 
F = f(a, 02,...,Qn) = a? +02 +... +02 +4109...0n (= oye Sere © x) : 
Q1 a9 an 


Surprisingly, these exceptional identities will help 


f(ai, aa, sig fy) oad f(0,a1 + ag,a3, deny Ozzy) 


= Qg...0 =e : + mis iz 
= A109 | A30q...An as ee see a, 


a, +@2 a1,+ 4 
f(a), G2,...,0n) —f (St 00, vt 


— ap)? re | 1 
= (eis) (2 — 0304...dn (= +—+...4 ~+)) 
4 az Ga an 


Therefore at least one of the following inequalities must be true 


F > f(0,a4, aa, ...,@n) (x) ) pei (U5%, Fan) (xx) a 


WLOG, we may assume a1 > do > ... > ay. Consider the transformation 


(ena) > (SF). 


Tf | [] ae » as < 2 then F decreases after each of these transformations. 
k#ig k#i,j Uk 
1 1 


1 
If we have aj, Qi,...Qi,_» (2 + —+4+...4 


ty Qin Qin_e 


) < 2 after such transformations 
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for every {i,%9,...;in—2} C {1,2,...,n}, (**) claims that the minimum of F is only 


attained for n equal variables. In this case, we have min F = 2n. 


Otherwise, there exists a certain transformation for which 


n—2 n—2 1 
fis) 2) 
k=l k=l “ik 


According to (*), F only attains its minimum if the smallest element of the set 


{a,G2,...,4,} is equal to 0. In this case, we obtain 
F = 9(03;08;:;80-1) = a? +024... +47_1 +0102...0n-1. 


By the same approach, we can conclude that at least one of the following inequalities 
will hold 


g(ay, ae, tget) 2 9(0, Qi + a2,Q3, ej Ont) 


a, +42 ai + ag 
g(@1,Q9,.--;On—1) = g (SE, Bs 1th) ’ 


and using the same reasoning for the function g, we deduce that g(aj, G2, ..., dn) attains 
its minimum if and only if all numbers of the set {a1, a2,...,dn—1} are equal together 


or » — 2 numbers are equal and another is equal to 0. This fact claims that 


n? n? ne VE 
nF = mi nn ne . 
inin min (20, + (75) 


Comment. The following result can be deduced as a part of the solution above 


% Let aj,a2,...,An be non-negative real numbers with sume n. For allk ER, 


2 


; n 
a? +02 +... +02 + kazag...an > min {n +k, eee \ P 


V 


Problem 81. Let x,y,z be positive real numbers satisfying 2ryz = 3x? + 4y? + 52?. 


Find the minimum of the expression P = 3x + 2y + z. 


(Pham Kim Hung) 


SOLUTION. Let a = 32,6 = 2y,z =c We then obtain 
atb+c=8r+4+2y+z, a? + 3b? 4+ 15e = abe. 
According to the weighted AM-GM inequality, we have that 


a+b+e > (2a)'/?(3b)4/3(6c)1/6, 
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a” + 3b? + 15c? > (4a”)'/4(967)9/9 (360?) 19/88 == (4a) /4(9b7)/3 (3607 )5/1?, 


Multiplying the results above, we obtain 
(a +b-+c)(a? +36? + 15c*) > 36abe 3 a +b+c> 36. 


So the minimum of 32 -+ 2y + z is 36, attamed forz=y=z=6. 
Comment. 1. Let’s consider the following general result 
*& Let a,b,c,z,y,z be positive real numbers verifying ax? + by? + cz* = ayz. 


a. Prove that there exists exactly one positive real number k for which 
eee ee ee eT ee: 
avk Vet Veta Vkt+Vk+b Vkt+Vkt+e 

b. With this value of k, prove that 

(Vk + Vk -4a)(Vk + Vk +6)(Vk + VE +0) 


SOLUTION. Part (a) is fairly simple. Consider the following function 


i ee ad 


1 eee ee pe Rd 
VktVk+a VktiVk+6 VktVkete 2 
Since f(k) is an imcreasing function of k, and, f(0) = ~1/2, lim fey =; 


continuity of f claims that the equation {(k) = 0 has exactly one positive root. 
To prove (b), we let m,n, p,m, 71,1 be positive real numbers such that 
m+tn+p= lam, +bny+cp; = 1. 


By the weighted AM-GM inequality, we have 
Z\™ cyynr 
ety s2 (2)"(0 
m n 
2 amy, My 2 CPi 
wrsuevee2(Z)" (EYE 
my val Pi 


The results above combine to show that 


‘ ; ‘ m+2am1 ynt2on 2Pt 2cp1 
z+y+z) ax” + by + ¢2z*) > ——_—_——_—__, —- 
( ( MmMnrpPms™ nO pr 


We will choose six numbers m,n, p,™ 1,71, P1 verifying the following conditions 


e m+2am, =n+2bn,y = p+2ep;, = 1. 


221 


the 
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x 
m nm pm, ny py 
The second condition is equivalent to the existence of a real number / such that 


2 p~ 


— = — =— = 8. 


my, ny Pi 


Replacing this relation into the first condition, we obtain 


FT Ma Mas Gy = M2 — as Gy = Pa — Po- 
1 1 d ; 
where m2 = —,72 = —,p2 = —. So we infer that 
m n p 
ee re ria avi, 2vI 
m2. nm po Vid¢Vita Vi+vit+b Vit+Vite 


1 i 1 1 
=> = + + 
wl Vlievit+a Vit+vitb vVl4+V¥e 


According to the definition of k, we must have | = k. Therefore, we conclude 


—n —amy,_.—0n, _ —cp) 81 
byt som np Pm, ny pS ne 8lmanepe 
1 
== (VE+ vk +a) (Vk+ Vk + b) (Vk+ VE+ c) 


with equality for 
Z mnp 


pam? + bn? + cp?’ 


2. This problem can be presented in another form as follows 
*% Let a,b,c, x,y,z be positive real numbers verifying ax? + by? + cz? = xyz. 


a. Prove that there exists exactly one positive number y such that 
2 2 2 
i+ Jitea i+ ives t+ ieee 
b. With this value of yp, prove that 
(L+ JT ay)(1+ V1 + gb)(1 + VIF ve) 
a ag eee 
3. Although it can’t be denied that this general problem is helpful in creating par- 


Taye 2 


ticular inequalities (for particular values of a, b,c), we agree that the initial problem, 
created accidentally, not based on the general problem, is the most impressive (it has 
interesting coefficients 2,3,4,5,3,2,1 and the expression attains its minimum when 
all variables a, b,c are equal to 6). 

V 
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Problem 82. Let a,b,c be non-negative real numbers. Prove that 


1 1 1 2/2 
sp aa ee ey 
Var +be Ve +ca Ve+tab~ Vabt+bet+ca 
(Pham Kim Hung) 


SOLUTION. First we may assume that a > 6 > ¢. Notice that 


ne ee ee ee 22 
Vee+cea Ve+ab” V+ +4abtac’ 


So it suffices to prove that 
OT ig es ON Scan WE 
Vet+be VP +A +ab+ac” Vab+bet+ ca 
Let M =ab+be+ca and N = b? +c? +ab+ a0, then 
2/2 2V2 ~— -2/2(b? ~ be +c?) 
VM VN ~ VMN (JM + JN) 
Clearly, N > M; N > 2(b? — be +c*) and M =ab+be+ca> ba? + be, so 
2/2(b? — be + c*) y 2/2(b? —be-+c*) — J2(b? ~— be +c’) 


VMN (Vi + VN) ~ VMN-2VM = = MVN 
E /2(b? ~ be +c?) Vb? — be + c? g 1 


bVa? + be- \/2(b? — be + c?) 5 bVat+be ~ Va? +be 


So we are dwone. There is no case of equality. 
V 


Problem 83. Let a,b,c,d be positive real numbers with sum 4. Prove that 
1 1 1 1 
pe Ne i ee 
sate” 5 — bed Bs 5 ~— cda ig 5 ~—abe — 
(Vasile Cirtoaje) 


SOLUTION. Let z = abe, y = bcd, z= cda,t = dab. We need to prove that 


1 1-—<z (1—2)(z + 2) 
——<leo 7-0 eo ——__.._— _ > 0. 
cyc cyc eye 


64 : 
By AM-GM inequality it’s easy to see that z+ y = be(a+d) < oF <3. Soifx>y 


then (1 — 2)(2 +2) < (1—y)(2-+y) and (5~2)(24+ 2) > (5—y)(2+y). According 
to Chebyshev inequality, we obtain 


(1 —2)(e +2) 1 
‘2. ayer) * (do-se +3) (x G-Ae =)" 


cye 
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It remains to prove that 


Sl —2)\(2+2)=8- S/ abe ~ > 0% b?e" > 0. 


cyc cye 


First Solution. We let p= a+6,qg =ab,r =c+d and s = cd, then p+r=4 and 


we heed to prove that 
A= sp+qr + s*(p? — 2g) + g(r? — 28) < 8. 


Denote 
A= f(g) = 9° (r? ~ 28) + 9(r — 28”) + sp + sp”. 


Since f(g) is a convex function of g, we deduce that 


f(a) < max {40 j (=) } | 


Similarly, if we consider A as a function of s, or A = g(s), we obtain 


g(s) < max {209 (7) } 


These two results combined show that A is maximum if and only if one of the numbers 
a,b, c,d equals 0 (case (1)) ora = b,c =d _ (case (2)). Case (1) can be proved easily. 


In case (2), the inequality becomes 
act+ Catate +a? <4 
Let B = ac, then @ < 1 and 
arcteatate?+cta? = 2ac-+a*c? (4—2ac) = —263+467426 = 4+(4—28)(6?—1) <A: 


This ends the proof. Equality holds fora = b=c=d=1. 


Second Solution. WLOG, suppose that a > b > c > d. Let m = . 


,u 
‘ 2 2 


and t = m?,v = u? then we get 


f(a,b,c,d) = S— abe + > 07b?c? = g(v) 


cyc cye 
where 
g(v) = (t — v)(b +d) + 2bdVt + (t — v)?(b? + a?) 4 267d? (¢ + 0). 
Since t — v = ac > bd, we deduce that se 


g'(v) = —(b +d) — 2(t ~ v)(b? + d?) + 26d? < 0, 
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which implies f(a,b,c,d) < f(,/ac, b, /ac,d). Now we repeat the procedure for the 
first two variables (,/ac, b) and then again for the first and the third. Repeating these 


procedures, and taking the limit, we conclude 
f(a,b, c,d) < f(a,a,a,4—- 3a), 
for a certain a € lo ;| . The inequality f(a, a, a, 4 — 3a) < 8 is equivalent to 
a + 307 (4 — 8a) +a® + 8a4(4 — 3a)? < 8 
© (a—1)?(7a4 — 4a — 3a? ~ 4a ~ 2) < 0, 


4 
which is obvious because a € |0, 4| (and therefore 7a* — da? ~ 3a* — 4a ~— 2 < 0). 
The proof is finished and the equality occurs ifa =b=c=d=1. 


Comment. By induction, we can prove the following result 


% Suppose that n is a natural number greater than 3 and aj,,Q2,...,Qn are non- 
negative real numbers with sum n. For each number k € {1,2,...,n} we denote 


by = G1 09...04~10441---Gn. Prove that 


1 E 1 " 1 ye 
Pei) web. OO eS be . 


To prove it, we use induction for the following general inequality 


ee en ee ee 
i ha a ee 


where k is a real number and k > n+ 1. Notice that the most difficult step in 
solving this general problem is the proof of the case n = 4. For n = 4, the proof of 


2X rae < a (k > 5) can be obtained similarly to the case k = 5. 


V 


Problem 84. Let a,b,c be three arbitrary real numbers. Prove that 


1 1 1 11 
es ee SS 
Geo) ' Got Gea? — aa ee) 


(Pham Kim Hung) 


SOLUTION. Denote x = 2a — b,y = 2b~—c,z =2c—a. We get 


4dr + 2y +2 4y+2z+2 Az+2zr+y 
Se 
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226 
sath? += ibd been ty? +2? 
It remains to prove that for all z,y,zER 
Da, Ay Il . 
ze y® 22 ~ Aaetytz)r+a22? +y? +27 


Certainly, we only need to consider the case x > y > 0 > z (and dismiss the case 


11 


x,y,z >0orz,y,z <0). In fact, we need to prove 
AUct+y—zP+e+yt+ 2? 


1 
f(y 2) = qe Tae. ge 
for all x,y, z > 0 (that means we have changed the sign of z). Consider two cases 
(i). The first case. If z > x+y, then it’s easy to check that 
1 _a1(82z-2-y) ety+z2 
rrr f(z,y,2+y)) = MN Bx+yy 
where 
Ma2?+y+(at+y)? ; N=a?+y?4+2742(2-2-y) ; 
Since 3z —z2-—y >a+y+2z,2(24+y)? > M and 52? > N, it follows that 
1 1 Lt 
2y,z)>f(ayze2+ty= a+ 5.+-—- : 
Flas z) 2 flay ¥) ae yy?  (a@ty)? 222? + y? + (2+ y)?) 


Notice that 


zw y® ge y avtayty? 19 
=-54+54 744 ates 
2 2 eae (x+y) 4 = 


Therefore f(z, y,z-+y) > 0 and we are done. 
(ii). The second case. If x+y > z, setting t = \/Zy we have 
1 11 
z,y,z) > f(t,t,z)=>=+ 4 --— >. 
F(2,9,2) 2 H(tt,2) et Op + 2? 4+ (2t — z)? 
1 
WLOG, assume that z = 1, then t < 5" After expanding, the problem becomes 


f(t) = 5t* — 4t? + 6t? — 8 +3 > 0. 


; 1 
Since t < 5 Ff’ (t) = 20t? — 124? +12t—8 < (20t3 — 10¢?) + (12t—6) < 0 and therefore 


we can conclude that 
I 
f)>sF (5) ~ 0.3125 > 0. 
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Comment. The best constant k for which the following inequality 


1 1 1 k 
———_—— + 4+ SS OO SS SS 
(Qa—b? * b—o? * Go-ap? = Wet Bae) 


. 6 6 

is true for alla,b,ce Risk= min g(x) = 1027+ sare aes 8x + 23. 
O<z<1/2 x 7 

Afrer some calculations, we find this value to be approximately 11.6075. 


V 


Problem 85. Let a,b,c be positive real numbers. Consider the following inequality 


ab be ca nfak + bk + ck 
ey eae Oe Ue: 
eva. Boo 3 () 


(a). Prove that (x) is true for k = 2. 


(b). Prove that (x) is not true fork =3 but true for k =3 and a,b,c such that 
a®b? + b3c8 + c8a? > abe(a? +b? +c°). 


(c). For which value of k is (x) true for all positive real numbers a, b,c? 


7 (Pham Kim Hung) 
SOLUTION. (a). For k = 2, we can assume that }> a? = 3 without loss of generality. 
cyc 
; ab ; 
The inequality }~ — > 3 is equivalent to 
cye © 
ab : a?b? gf. 2 
De 20: 0 ee De (ate?) >0, 
cye cyc cyc 


which is obvious. Equality holds for a= b= ce. 
(b). If k = 3, we let a= 6b = 0.8 and c= V1.976. Then (x) is not true. Now, with the 
condition a3b? -+ b3c3 + c3a3 > abc(a? + b? + c*), (x) becomes true. Indeed, according 


to AM-GM inequality, with the supposition that 57 a? = 3, we obtain 


cyc 
(x) (x#) =3+) w(b+0) =) (07+ a+) >3) ab 
cyc cyc cyc cyc cyc 


=> abc (x: e+ S > ab(a + »] > 8abe (x: | : 


cyc eye cye 
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Because abc 5> a? < 5> a3b?, we deduce that 


cyc cyc 


abc (x: ab(a + ») + S038? > 8abe (x: «) 


cyc cyc cye 


=> (x: ) (so) > Babe (y--5] => Sab? > 3abe = 2 > 3. 


cyc cyc cyc cyc cyc 


We are done. Equality holds fora = b=. 


(c). Consider that a,b,c are positive real numbers verifying (normalization) 


Let’s find the maximum of the expression 


S=a*+b¥ 4%, fork > 0. 


ab be ca 


Lette = —,y=—,z= then z+ y+2=3 and S = \\(zy)*/?. From a known 
c a 


7) 
b cye 


result (see one of the previous problems) 


gk 
S< max {8 x} : 


It’s easy to conclude that (x) is true for all positive real numbers a, bie if and only if 


In3 
< ———. & 2. or j 1 q : 
k< gene 2.709511... < 3 (including case k < 0 of course) 


V 


Problem 86. Let a,b,c be non-negative real numbers. Prove that 


1 1 ] 4 
ee ee eae eee 
V4a2+be V4? +ca V42+ab~ atbtec 


(Pham Kim Hung) 


SOLUTION. First Solution. We denote 


1 3 2 
$=) TEE ; P=) (b+0)9(40? + be). 


cyc cyc 


According to Hélder inequality, we deduce that 


S-S-P>(atbte)*. 
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So it’s enough to prove that (a +b + c)® > 2P. Since 


P=) at(b+o) +7) 09(b +c?) + 24abc) ab, 


cyc cyc cyc 
(atb+c)? = > a’ +5 » a*(b+c)+10 oo a?(b? +.¢7) + 20abe )~ a? + 30abe oe ab, 
cye cyc cyc cyc cyc 


the inequality (a + 6-+¢)° > 2P is equivalent to (after reducing similar terms) 
> a® 4-3 Sat (b+c) + 20abe S © a? > 45° a3(b? + 7) + 18abc > ab. 
cyc cyc cyc cyc cyc 
This last inequality can be deduced from the following results 


18abc'} ‘a? > 18abe Sab, 


cyc cyc 


as + abe) a? > Sat +c), 


cyc cyc cyc 
4) at(b+e) 24) a8(b? +02). 
cyc cyc 
We are done. The equality holds for a = b,c = 0 or permutations. 


b : ; 
Second Solution. Suppose that a > b > c. Denote t = — > c, then the inequality 


(4a? + be) (4b? + ca) < (4t? + tc)? 
is equivalent to 
(a ~b)? (Fe +a? +6? + 6ab—3ca — 3c) > 0, 


which is clearly true because a > b > c. We deduce that 
1 1 1 2 1 
Viti be Vai tca Vie tab~ Vi tice Jie +P 
It remains to prove that 
2 1 4 4 


a tS ee 
V4t? + te : V42 +t? ~atbte tte 


2 1 1 1 4 2 
Ba Ot ae SS mee 
(se -+te ;) lo + t? *) — 2+e ¢t 


—C —4¢? —2c 
ee ee 
Vat? + te(2t + V2t? 4 te) tV/4e? + t2(t + 4c? + #2) ~ t(2t +) 
2 1 Ac 


8 TST Se ee 2 0. 
t(2t+c) fat? + tce(2t-+ S22 + tc)  tW/4c? + 0?(t + V4c? + t?) 
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Notice that 


! ee: eee a) (x) 


3t(2t +c) ~ V4t? + tc(2t + V2t? + te) 
< 9t?(2t +c)? < (4t? + te)(2t + V/4t? + te)? 


& 4 6te+ 2c? < 2tr/4t? + te + cv 4t? + te, 


which is obvious because > c. We will now prove that 
5 4c 


—————$$$<—<— > —— (KK 
3t(26 + ¢) ~ tac? + t2(t + V4c? + t?) ot 
& 5V/de? + t2(t + V4t? +02) > 12c(2t +c). 


According to Cauchy-Schwarz inequality, we deduce that ./5(4c? + t?) > 4c+t and 
similarly, «/5(4t? + c?) > 4t-+¢. So it’s enough to prove that 


(4c + t)(4e + (V5 + 1)t) > 12¢(2t + c) 
 (V5-+1)t? + (16 —4V5)tc + 4c? > 0. 
which is obvious. Combining the results (x) and (xx) we get the desired result. 
V 


Problem 87. Let a,b,c be non-negative real numbers. Prove that 


| ab " | be is ca 4 
4a? + b? + 4c? 4b? + c? + 4a? 4c? + a2 4+ 462 ~~ 


(Pham Kim Hung) 


SOLUTION. WLOG, suppose that a? -+b*-+c? = 3. By the weighted Jensen inequality, 
we deduce that 


~ ab = y, a? + 4b? + 4c? 272 - ab 
ne V 4a? + 62 + 4c? ae 27 (4a? + b? + 4c*)(a2 + 4b? + 4c)? 


27ab Bab 
< Fac 0 ED AD a AONE OL AED Oe OO ee ens 
S » (4a? + 624 4c?) (a? + Ab + 4c?) d (4 a a2)(4 — 62) 


It remains to prove that 


3§ > ab(4 — 0?) < [] (4-07) 


cyc cyc 


4 (x) (x) a = (Se) vee +35 abe a?b*e? 


cyc cyc cyc cyc cyc 
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36) ah(b+c) +9) abe + 9ab'c? < 165 at + 68) a°b’. 


cyc cyc cyc cyc 


Because 3abc > a = abc & : (x | > 9a7b*c*, we only need to prove that 


cye cyc cyc 


9S B+ 43) abe< 4S at +175 a7? 


cyc cye cyc cye 


2 
S Y> (207 +28? +S — sab) (a—b)? >0. 


eye 
Suppose that a > b > c, then we are done by Abel’s inequality because 2b? + 2c? + 
3 
> — 5be > 0 and 


2a? + 26 + 5 _ sab 2 oct 4 SY = da? + 2(0? $0? 
— — 5ab | + ( 2a* + 2c + > — Sac = da +56 + c*) — 5a(b + c) 


2 
Ba 2 
> 4c +9( -) Hie (*<*) >0. 


9 


2 


V 


Problem 88. Suppose that n is a positive integer and (£1, 22,..,2n); (Y1,Yos---1 Yn) 


are two positive real sequences. Let (29, 23,...;Zan) be a positive sequence satisfying 
ae 2 Diy, NLS 419 Sm 
Denote M = max{ze,..., Zon}. Prove the following inequality 


> 


2n 


n n 


(Mtat- +2)" (@ fet te) (2 tint tu) 


(IMO Shortlist 2003) 


SOLUTION, Let X = max{21, 22,...,2n} and Y = max{y1, yo, ..., yn}. WLOG, we can 
assume that X = Y = 1 (otherwise, replace z; with 2;/X,y; with y;/Y and z, with 
z:/V XY). According to AM-GM inequality, the following result is stronger 


M+2zqt+...4 Zn > 2p +2o4+...+ Fn + 41+ yot+--+ Yn (*) 


Let r be a certain real numbers. We will prove that the number of terms of the right- 
hand expression of (x) which are bigger than r is not bigger than the number of terms 


on the left-hand expression of (*) which are bigger than r. In fact, this clause is clearly 
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true if r > 1 (because there are no terms on the right-hand expression of (x) bigger 


than r). Consider now the case r < 1. We denote 
A={ieN, 1<i<n|2,>r}, 


B={ieN, 1<i<n|y>r}, 


then certainly |A|,|B| > 1. Suppose that A = {%1,%2,...,ia} and B = {j1, ja,..., jo} 
with 741 <ig <<... <iq and 91 <jo <... < Jp. There are at least a+ b—1 terms of the 


sequence (29, 23,..-,22n) Which are bigger than r as: 


Zi this Zi tgarsery Mi tjyr Miatgor sess Zia tso- 


On the other hand, notice that a + b—1 > 1, so at least one number z; is bigger 
than 7, so M > r. This implies that there are at least a + b terms on the left-hand 


expression of (x) bigger than r. 


From this property, we conclude that for every natural number k (1 < k < 2n), 
the k**—greatest number of the left-hand expression of (x) is not smaller than the 
kth_preatest number of the right-hand expression of (x). So, obviously, the sum of 
all terms of the left hand expression of (x) is not smaller than that of the right-hand 


expression of (x). The problem is completely solved. 
V 
Problem 89. (a).Let a,b,c be three real numbers. Prove that 
a* + b4 + c4 + ab? + bc? 4+ ca® > 2(a3b 4+ b8e + c3a). 
(b). Let a,b,c be three real numbers and a? + b? +c? +ab+bce+ca = 6. Prove that 
a°b + b8c+ ca + abc(at+b+c) <6. 


(c). Find the best (greatest) constant k such the the following inequality holds for all 


real numbers a,b,c 
a* + b44+c++k(ab+be+ ca)? > (1+ 3k)(a3b + Be+ ca) 
(Vasile Cirtoaje and Pham Kim Hung) 
SOLUTION. For all real numbers a,b,c, we have that 


(a? — kab + kac — c*)? + (b? — kbe + kba — a?)? + (c? — kea + keb — b*)? > 0. 
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After expanding, this inequality becomes 


Yoatt+ (HM -YS a7 +k Sab? > 2kSa5b + (kh? —k) Sa? be. 


cyc cye cyc cyc cyc 


(a). Let k = 1. We obtain 
a* + b4 + c4 + ab? + be? + ca? > 2(a3b + b8e + ca). 


(b). Let k = 2, we obtain 


2 
(oe a. S°a?b? + S- ab? > 4) a°b+ 2abe) a 


cye cyc cyc cyc cyc 


2 
& (re + ys] > 6S a%b + Gabe) “a. 
cyc cye cyc cye 
Ifa? +b? +c? +ab+be+ca = 6 then a5b + b3c4+ c8a +abe(at+b+c) <6. 
(c). We have 
((a — b)? + 2c(a — c))” + ((b—c)? + 2a(b- a)) + ((e— a)? + 2b(ce— b))? = 0: 


After expanding, this inequality becomes 


6) a4+4) abc+25 ab? > 125° a%b 


cyc cyc cyc cyc 
1 2 
4 4 A 3 
=> Soa +B +¢ +3 (das > 25° a%b. 
cyc cyc cyc 


So the best constant k (greatest) that we are looking for is k = 1/3. 


Comment. In all these results, there is a special case of equality different from the 


trivial case a = b = c. For example, in part (a), the equality holds for 
a = 2cos20+4 1 & 2.88, b = 2 cos 40 & 1.532,c = —1. 
bd V 


Problem 90. Let a,b,c,d be non-negative real numbers verifyinga+b+c+d= 4. 


Prove that for all positive integers k,n greater than 2 
(kK+a°)\(kK+b")\(k+c")(k+ a") > (k+ 1 


(Pham Kim Hung) 
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SOLUTION. Notice that for all n > 2, we have 


k+a"\? k+a2\" 
> 
k+1 _~ k+1 


This inequality can be proved easily by AM-GM inequality or Hélder inequality. 


According to this result, we get 


k+a"\? eae y 
> 
(S27) 21 (445) 
cyc 


cyc 


Therefore it’s enough to prove the inequality for n = 2. Suppose that this inequality 
is true for k = 2, then it will be true for all k > 2 because Hélder inequality claims 


that 


[[@ +?) =[] (&-2)+ @+2?)) > [u-a «f/[[@+4?)] > (+14. 


cyc cyc cyc 
So it suffices to prove the inequality in the case k = n = 2, namely 
(2 +a7)(2 +b?)(2 + ¢”)(2 4d?) > 81. 
First Solution. (symmetric separation) The inequality is equivalent to 
S-In(2 +07) > 41n3. 
cyc 
Consider the following function 


f(z) = In(2 + 2”) —In3 — = ae :. 


Its derivative is 


fi (0) = pong — 5 = Gle- D2-2). 


So f(z) is decreasing on [0, 1] and [2, +00], increasing on [1,2], therefore 


min, f (2) =min{ f(1), f(t)} Ve € [0,4] () 


O<z 


From (*), we deduce that for all 1 < « < 2.5, f(z) > f(1) = 0. If all numbers a, b, c,d 


are smaller than 2.5 then we are done because 


S~ f(a) <0 © S$" In(2 + 2”) = (FF +ns) = 41n3. 


cyc cyc 
Otherwise, suppose that a > 2.5. Let t= (0 +c+d) then clearly 


[[(@ +4’) = 16 +85 > a? + 40?(b? + c? +d?) > 16 + 8a? + 24t? + 120727. 


cyc cye 
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It remains to prove that for all t < 0.5 
g(t) = 8(4 — 3t)? + 240? + 1227(4 — 3a)? > 65. 
Since 4 — 3t > 2.5 and ¢(4 — 3t)? <4 
g(t) = ~—48(4—3t) +48¢-+24t(4—3t)? —72t? (4—3t) < —48-(2.5)?4+48-(0.5)+24-4 <0, 
and we can conclude that 
g(t) > g(0.5) = 74.75 > 65. 


The proof is completed and equality holds fora =b=c=d=1. 


Second Solution. Notice that if a + b < 2 then 


2\ 2 
(2 +.a?)(2 46?) > (2+ e+) ) 
Indeed, this is equivalent to 
4 
2(a? + b*) — (a +b)? — fet) — att? >0 © (a—b)? (16— (a+b)? ~ 4ab) > 0 


which is obvious because a + b < 2. Now suppose that d > c> b> a and 


F(a,b,c,d) = | ](2 +47). 
cyc 
atc atc 


ee Bias 
2 


Because c+a < 2, so F(a,b,c,d) > F ( 
of problem 83, 


4). As in the second solution 


atb+e 


F(a,b,c,d) > F(2,2,2,4—-32), «= 3 


It remains to prove that (2 + 2”)? (2 + (4 — 3z)?) > 81, or f(x) > 41n3 where 
f(x) = 3ln(2 +2”) + In (2+ (4—- 32)’). 


It’s easy to check that 


BR ce OF 6(4 — 32) 
f@) = sy 24 (4—3ep 


and f’(x) = 0 if and only if 


(e-1) (4 xcs} Zia 
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If z # 1, we must have z(4 — 3x) = 2. However, AM-GM inequality shows that 
32(4 — 32) < 4, or 2(4 — 32) < 4/3 < 2. So the equation f’(x) = 0 has exactly one 


positive real root z = 1. Therefore we conclude that 


imax, (2) =f) =4in3. 


Comment. By a similar method as in the second solution, we can propose and solve 


a general problem as follows 
% Lei a,b,c,d be non-negative real numbers with sum 4. For allk > 1, prove that 
(k + 07\(k +b°)(k +0*)(k +d?) > min {(k+ 1)*;(k + 07)? (k + (4—3a)?)}, 
where a is determined in the case k < ‘ aa= —— 
To prove this, just notice that if k > 1 anda+b <2 then 
9.2 
(k +a2)(k +b") > (s+ eer) 
By choosing particular cases k’s, we can obtain interesting results as follows 


(5 + 4a”)(5 + 4b*)(5 + 4c”) (5 + 4d*) > 6480. 


3 
1 104 
(1+ .a?)(1 + b?)(1 + c”)(1 +d?) > 10 (1 + 3) = 
16 
(4 + 3a”) (4 + 3b*)(4 + 3c*)(4 4 3d”) > min G =) = 74 = 2401. 


V 


Problem 91. Let a,b,c be positive real numbers such that a? + 6? + c? = 3. Prove 
that 


a®b? +. bc? + c8a? < 3. 
SOLUTION. By Cauchy-Schwarz inequality, we have 
(a3b? + B82 + ca)? < (2b? 4 Bee? 4 ca?) (ath? + btc? + a2), 
It remains to prove that if 2 +3 -+2=3 then 


(oy He ye ee) (ey + ye +22 er) #3, 
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Notice that 


3(ay + yz + 22)(x*y + y?2z +272) = es :) (x: a) 2s) 


cyc cyc cyc 


7 (x) (Sev ev tae). 


cyc cyc cyc 
Let s = zy + yz + zz then 3abe > 4s — 9 by Schur inequality. Moreover 
ye =9-2s ; Pac's = s* — 6ayz ; 
cyc cyc 
‘Taking into account problem 52, we have 
3 So x8y < (x? + y* + 27)? = (9 — 2s)?. 
cyc 


We deduce that 


3 (= x) (= aty + So a?y? + say) 


ae a ue 
<s ((9 — 2s)? +38? — Jabe) <5 ((9 — 2s)? + 3s? — 3(48 — 9)) 
It. suffices to prove that 
$ ((9 — 2s)? +35? — 3(4s-9)) < 81  (s—3)(7s? 278 +27) <0, 


which is obvious because s < 3. We are done and the equality holds for a = b= c. 


Comment. According to this result, we can easily obtain that (due to the Cauchy 


reverse) 
% Given positive real numbers with sum 3. Prove that 


a b c 3 
st i SO oe 
148 “ie | isa 2 


V 


Problem 92. Let a,b,c be arbitrary positive real numbers. Prove that 


b?\? e\? a?\? _ 12(a3 + B3 + c3) 
se = a) 
(a+ 4 + (0+ =) + (e+ ) = a+b+e 


(Pham Kim Hung) 
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SOLUTION. The inequality is equivalent to 


b2 = atb+te — 


Using the following identities 


35 -at = VO -e) (ast), 


cyc cyc cye 
2 ea 
yi yy oe 
cyc cyc cyc e 
38 T(b-+e)(b—e)? 
cyc = 2 cyc 
Ya 2 : atb+c 
cyc 


the inequality can be rewritten as 
2 
eae its) Sta) 9 
ay c atb+teo cc] 


or Sa(b — c)? + Sp(c — a)? + S-(a — b)? > 0 where 


2 
Ci aT a 

c2 a+b+e Cc 

ce 4b 2(b + c) 

S — Bee 
E ape a ; 
a? Ac 2(a +c) 
So= f+ —4, 

ays Oy aay fa aay Teas 


(i). The first case. c > b >a. Clearly, S, > 0 and 


2 ob d4(a+b)  2(b+c)  2(a+b) 
GP aepEe me Oo ape ae 


c 
ee 2 2 
Sao ea pa oe Sea ed 2 eg: 
b2 2 a c a 


Similarly, we have that 


Ca, 4(b+e) | 2b+c) , 2ate) _ 
a2 b? at+b+e a b 


ce a? 2b 62a 2c 
> (S+%-2) + (24-4) +(#-2) = 0. 
So the desired result follows because 


Sa(b—c)? + Sp(a — c)? + Se(a — 6)? > (Sa + Sp)(b — 0)? + (Sy + Se)(a — 6)? > 0. 
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4c 


(ii). The second case. a > b> c. Clearly, Sg > 1, Se > —1 + ———— and 
atbte 
2c? —b? 8b + 4a A(b+c) , 2(a + b) 
Sos ee 
eee ee i ee a Cc ae 
8b + 4a 2b 2a 2e 26 
ace ecu eels AEs sted 0) 
> (See \+ (242 \+ (2+ a) 20 


If 2b >a +c then we have 


4c? B® 16b + da+de  8&(b 
5, PAsp oe ee’ POH AC OOO) (BSC) 5 a+b)» 

a (a+b 

Se (b+0) (a+ ae 
a Cc a Cc 
Ac? 6 

SS aot ee rg ag 10 0 
a a Cc 


Consider the cases 
Ifa+ce< 2b, certainly 2(b-c) > a—c. If Sp > O we are done immediately. 
Otherwise, suppose that 5S, < 0, then 


Sa(b—c)? + S4(a —c)? + Sc(a — b)? > (Sa + 45p + Se)(b— 0)? > 0. 


Ifa+e> 2b, we will prove S, + 2S, > 0, or 


2c? a? | 8b+4e | A(bte) | Wate) 
7 Hosp, 
A= gee ape ge 


Just notice that g(c) is an increasing function of c > 0 and c > 2b —a, therefore 


(.) Ifa > 2b, we have that 


a? 8b 4b 2a 
Caer arr ak a ar a 


at+b 9b a 4b a? 1 b 2 
2 _ a, 4b a te £9) 
( bf aab 6) + (G45 ‘)+(% 43 a) tR2 


(.) If a < 2b, it’s easy to mfer that 


8b? a® =4b dasid14 
g(c) 2 g(2b—a) = S+ott-g— 2 


We obtain the conclusion because 
Sa(b — c)? + Sp(a—c)? + S.(a — b)? > (Sq + 285)(b—c)? + (Se + 2S) (a — b)? > 0. 


V 
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Problem 98. Suppose that n is an integer greater than 2 and a1,@2,...,4n aren real 


numbers. Prove that for any non-empty subset S of {1,2,...,n}, we have 
2 
be a) < De (a; +...+ a;)?. 
ieS 1<i<j<n 
(Gabriel Dospinescu) 
SOLUTION. We will first prove the following lemma 


Lemma. For all real numbers 71, %2,...,2ok41 


2 


> 02141 < S_ (ai +..4 as) (x) 
O<i<k 1Si<j<S2k41 


PRooF. Let 3; = 21 +29 +...+2; Vi€ {1,2,...,k}, then 


) i141 = $1 + $3 — 89 + 85 — Sa t+... + Sokg1 — Sak. 
O<i<k 


The left-hand expression of (*) can be rewritten to 


2k+1 
>», si —2 » $2i8oj41 + 2 ». 891895 + 2 a. 8244182541 + 2, 
i=1 i, i<j = i<j 
and the right-hand expression of (x) is 
2k+1 
S- (si —s;)? = (2k+1) S, sf —2 Bays 
i<j i=1 i<j 
After reducing similar terms on both sides, we have the following equivalent inequality 
Qk+1 
2k » s7 >4 2 824825 + ay, S2i4+1 925411 
i=1 i<j i<j 


- Ss, (825 — 823)" + S~ (82:41 — 82341)” + De 85; > 0, 


1<icj<k 1<icj<k 1<i<j<k 


which is obvious. The lemma is completely solved. 


Returning to our original problem, we have to prove it for an arbitrary set S C 
{1,2,...,2}. Obviously, if S has no separated elements (S = {i,i+1,...,7}) we are done 
(because all terms of the right-hand expression appear in the left-hand expression. 


Suppose that S is formed by some separated ”segments”, namely 


Ss {fi.51 4-1, ..-, 99553593 + Lens Gay oy Jomets Jomo + 1,..-;Jame2}- 
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Denate 


by = 45, + 45,41 +--+), 


bg = Qj3+1 +... t Ajz 


bok+1 = Uamgr + Qjompi tl toe + Qjam42 


k 
According to the previous lemma, with the remark that )* a; = > ba;41, we conclude 
ies j=0 


2 k 2 
bs -) = So bag < » (bi +... +b;)* < RHS, 
ieS j=l 1<isjsn 
because each number (}; + ... +.;)? appear in the right-hand expression. 


V 


Problem 94. Let a,b,c be three non-negative real numbers. Prove that 


a® b3 3 5abe 
ee ee 
(a+b) (b+c)® (cta)® (a+b)(b+ec)(e+a) ~ 


(Pham Kim Hung) 


SOLUTION. The inequality can be changed into an equivalent form as follow 


SSL a gee eR ee eS 
(l+az)s  (i+y)®  (+2)8  (L+a)(i+y)(l+z) 7° 


b c a 
where 7 = —,y = p= and «yz = 1. Denote 
a c 


a 
Loby 


m=1l-——,n= p=1- 
x 


Las 


Certainly m,n,p € [-1,1] and 
(lt m)(Ll+n)\1+p)=(1—-m)1—-—n)(1-—p) > m+n+p4+mnp = 0. 


Our problem becomes 


> (1—-m)*? +5] [G—m) 28 


cyc cyc 


—) 35 m? +5) mn>3) m+) m 


eyc ceyc eye ecyc 


oe 


242 Chapter 9. Problems and Solutions — 


= 3) 0m? +5) > mn> S| m3 — 3manp. 


eye cyc cyc 
If mn + np + pm > 0 then LHS > 0. Otherwise, suppose that mn + np + mp < 0, 
then LHS = (m4 n+p)? —(mn+np+pm) > 0. So, in every case, we have LHS > 0. 
Moreover, RHS = (m+n + p)(m? +n? + p* — mn — np — pm) has the same sign as 
m+n-+p, so we only need to consider the inequality in case RHS > 0 or equivalently 


m+ntp>0.Lett=m+n4+p and u=mn+np+ pm, the mequality becomes 
3(1? — 2u) + 5u > i(t? — 3u) — 2t?(3—+) + u(3t— 1) > 0 (+) 
According to AM-GM inequality, we have 
m+n? 4p? > 3|mnp|*/° > —3mnp = 3(m + n+ p) 


=> t? —2u > 3t > 2u < t(t — 3) (+) 


If u > O then we immediately have 3 > m? + 55> mn > 25> m? > Y m3 — 8mnp. 
cyc cyc cyc cyc 
Otherwise, suppose that u < 0. The inequality is also obvious if 3t — 1 < 0, so it’s 


enough to consider the case 3t—1 > 0. Replacing (*«) to («), it remains to prove that 
2t?(3 —t)4+t(i —3)(8t-1)>0 © t8-t)(1-t)>0 © t(3—2)(14+ mnp) 20, 


which is also obvious because m,n, p € [—1,1]. Notice that the equality can hold in 
(x) for m=n=p=0and m=n=1,p = —1 up to permutation but the equality 


holds in the initial inequality just for a = b=. 
Comment. With the same approach, we can prove the following inequality 
* Let a,b,c be three non-negative real numbers. Prove that 


a? b? ? 2abe 
—— + — > 4+ > YH eS 
(a+b +e? * (e+ay” (@+b)b+ cera) ~ 


We also have another solution to this problem by Cauchy-Schwarz inequality. In- 


deed, it is equivalent to (after some substitutions) 


4 Qa? y? z? 


xr 
ay toe oe ee 
» (2? + yz)? (2? +yz)(y? + zx)(z* + zy) 


By Cauchy-Schwarz inequality, we obtain 


= wh ; (a? +? + 22)? 
(x? + yz)? ~ (2? + yz)? + (y? + zx)? + (22 + zy)?” 


cyc 
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It remains to prove that 
(x? ae y? + 27)* F Qa y? z? ne 
(x? + yz)? + (y? + 22)? + (2? 4+2y)? (x? + yz)(y? + zz)(z? + zy) 


Pe 2x y? 2? ay? ee yz? at 2 yt ‘= ra ae y4 oe oA 
(+ ya) (y? + 2a)(@2 + ay) = (@? Fy2) + (y? +20)? + (2? + ay 


e a? 2 2 
[[¢ + yz) (3 =] + Le + yz) [[@ + yz) (> 4) 
cyc cyc cyc cyc eye 
After expanding and reducing similar terms, we obtain an equivalent inequality 

323 rox) 2 
eet eit fg ete gee) 
cyc cyc cyc cyc eye 


Rewrite this inequality in the form S,(b— c)? + Sp(e— a)? + S.(a — b)? with 


ai ak (BB +c3)  (b-c)? a? 
a5 aa a a 
bt B(c8 +03) (e-a)? Bb 
CO oe age ae 
Je 2 (at +68)  (a—b)? 2 co 
© 2ab ab? G 2’ 


WLOG, suppose that a > b > c, then Sg, Sp» > 0. Moreover, 


3/3 443 ae”, 3 
bi(c +a°) bi +c 5 BO ae 


Sp +5. 2 ca? 2 ~ ¢ 


We can conclude that 


S > Sa(b— ¢)? > (Sb + Se)(a — b)? > 0. 


cyc 
V 


Problem 95. Leta,b,e be arbitrary positive real numbers. Prove that 
(a? +b? + c?)? > 2(a°b + bc 4 cPa) + abc(a* + B® +c). 
(Pham Kim Hung, Le Huu Dien Khue) 


had 


SOLUTION. Rewrite the inequality in the following form 


S > a® +25 ab? >25 a®b+abe) a3 


cyc cyc cyc eye 
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2 (re +S > atb? 23) + (soa +o ate? - tate So) 5: 


cyc eye cyc cyc cyc cyc 
+ (2 a® p> — 55 ath? = yer] > ts ath? — ye) 
cyc cyc cyc cyc cyc 
e > (2a' + ct ~ a?b?)(a — b)? > (a? — b?)(b? — c*) (a? — c) (x) 
cyc 
Denote M = (a—b)(b—c)(c—a). Certainly, we may assume that a > b > canda>c 
in order to have M > 0. We will prove this inequality using the following results 
(1) S "(8a + 2c — b)(a — b)? > 4M 
cyc 
(2) S (11a? + 6c? — b? — 4ab)(a — b)? > 8(a+b+0)M 
eyc 
(3) S "(408 + 2c3 — a*b — b?a)(a — b)? > (a? +b? 4 c? + 8ab + 3b + 8ca)M 
cyc 
There is an interesting relationship between these inequalities: (1) = (2) = (3). We 
will prove (1) in order to show (2) and then (3). 


The proof of (1). Certainly, it suffices to prove the inequality in the case c = 
min{a, b,c} = 0 (because if we decrease a,b,c by an arbitrary positive real number 
smaller then c then the right-hand expression of (1) is unchanged, but the left-hand 


side is decreased). If c = 0, the condition (1) becomes 
(3a — b)(a — b)? + (3b + 2a)b? + (—a + 2b)a? > 38ad(a — b) 
© 2a? — 8a7b + 10ab? + 2b? > 0 & h(x) = 223 — 8c? + 102 +2 >0, 


where x = :: Notice that h’(x) = 2(2@ — 1)(3z — 5), so it’s easy to conclude that 


Me) > 4(3) >5>0. 
Therefore (1) is proved. Now let us show that (1) gives (2). 
The proof of (2). Leta =a,+t= fi(t),b=bi4+t= fo(t),c=a+t= f3(t) then 


(2) is equivalent to 


F(t) = 0 (11A1(t)? — fa(t)? — 4f1(t) fo(t) + 6 fs(t)?) (a—b)?—-8( fi (t)-+-fo(t)+ fa(t))M > 0. 
According to (1), we can see that 


f’(t) = S((8f: (t)-6 fo(t)+12fs(t))(a—b)?—24M = 6S” (3a—b+2c)(a—b)?—-24M > 0 


cyc cyc 
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so f(t) > f(—c) (because t > —c). This property shows that it suffices to consider (2) 
in the case c = 0, 
(11a? — b? — dab)(a — b)? + (11b? + 6a?)b? + (—a? + 6b?)a? > 8(a + b)ab(a ~ b) 
€> lla‘ — 35a°b + 30a7b? + Gab? + 10b4 > 0. 


This inequality is certainly true because AM-GM inequality shows that 1la4 + 
30a7b? > 2/11 - 30a%b > 35a3b. Therefore (2) is proved successfully. 


The proof of (3). Similarly, according to (2) and using the same reasoning as above, 
we realize that it suffices to prove (3) in case min{a, b,c} = c = 0. In this case, the 


inequality becomes 
(4a? — a*b)(a — b)? + (463 + 2a*)b? + 2b3a? > (a? + b? + 3ab)ab(a — b) 
> 4a® — 10a4b + 6ab? + 3a7b° + ab4 + 40° > 0 


If 2a > 3b then we are done because 4a° — 10a4b + 6a3b? = 2a3(a — b)(2a — 3b) > 0. 
Suppose that 2a < 3b then 


4a® — 10a%b + 6a3b* + 3076? > 4a® — 10a4b + 8a3b? > (232 — 10)a4b > 0. 
Are this step, (3) is proved successfully. 


The proof of (x). Similarly, according to (3) and using the same reasoning, we 
may assume that c = 0. The inequality becomes simple as (a? + 6°)? > 2a°b or 
g(a) = a® — 2a°b + 2a3b? + b®. It’s easy to check that g/(a) > 0, thus g(a) > g(b) > 0. 
The inequality is completely proved and the equality holds for a = b= c. 


Comment. The solution above is based on the mixing variable method. This problem 


can help us prove a very hard inequality, proposed by an anonymous, as follows 


* Let a,b,c be positive real numbers such that abc = 1. Prove that 


a i b 4 Ca s4 
b4A+2 842 a4 +27 
To prove it, we denote a = = ee ae c= =, then by Cauchy-Schwarz inequality 


and the previous result, we can Saas that 
5 6 
Qa y a ¥y 
iw - r= + 2xy4 = a + 2ay5 
: (++? 
xcyz(c3 + y? + 23) + 2(ay> + yz + za) = 
V 
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Problem 96. Let a,b,c,d be non-negative real numbers such that 
(at+b+c4d)? = 3(a? +0? +c? +4’). 
Prove the following inequality 
a4 +-b4 +c 4 d4 > 2Babed. 
- (Pham Kim Hung) 


SOLUTION. Let m=a+b,n = c4+d,x2=ab and y = cd then (m+n)? = 3(m? +n? — 
2x — 2y) or 3(z + y) = m? + n? — mn. The problem becomes 


F = 2(a? + y?) — 4(m?x + n*y) — 282y + m4 4n41 > 0. 
a 
Now we fix m,n (as constants) and let x, y vary (as variables) such that z < ee < 
2 


n m? +n?—mn 
es and #+y = 3 = ————-——_. 


3 . In this case, F can be rewritten as 


F = 2s? + m4 4 n4 —4(m?a 4+ n?y 4 8cy) 
Since 
matn?y+t 8ry = m?x24n?(s—z)+8a(s—2) = —82? + (m? —n? +88)z-+ns = f(z) 


is a concave function of z, it follows that the maximum value of f(z) is attained if an 
: m? m? —n? +88 ; 

only if z = ae (as an upper bound of z) or « = ——————— (as the unique root 

of the function f’(x), if it exists). From this, the problem can be divided into two 

smaller cases 


2 wee Lope? 2 8 
(i). The first case. If x = ma then y = a Let a = m?+n? 
and @ = mn then 


(m? — n? + 8s)? + 32n?s a? + 16a — 46? + 645? 


F(x) = 32 32 


We need to prove that 
16s? + 8a? — 168? > a® + 16sa — 48? + 645? 
Ta? > 48s? + 16sa + 128? 
€ 21a* > 16(a — 8)? + 16a(a — 8) + 368? 


21a? > 32a? — 4808 + 52? 


9.0. Problems and Solutions 2AT 


& —Llo? +4806 — 526? >0 © (—Lla + 268)(a — 28) > 0. 
Notice that a — 28 = (m—n)?* > 0. So it suffices to prove that 


13 — /48 
11 


13 + /48 


lla < 266 11(m? + n?) < 26mn © TI 


m 

<—< x 

<@< () 
m? n? 

Because x < ee andy < oe. we must have 


Pe ee ae 2 Aas 
n <i MSA ent Ae eee oe 
ea 
4+ /20 


2 2 2 
n*—m*+8s on m 
———— < — = 8s > 3n? 4m? 35m? < 8mn+n? a>—< 5 
n 


These results confirm condition (*) immediately and the proof is finished. 


2 2 2 2 
2 4s — m* + 4n* —4 
(i). The second case. If x = — then y = — r See 15 mi We need 


to prove that . 
ee Tae er (= _ (m? + 4n? —4mn)n? | m?(m? + 4n? - san 
4 12 6 
cs 2(rn? —mnt n*)? + 9n* > 3(m?n? + 4n4 — 4mn?*) + 6(m4 +4m?n? — 4m?n) 
 —4m* + 20min — 21m?n? + 8mn3 — n4 > 0 
& (2m —n)?(—m? + 4mn — n?) > 0. 
mann ee as it follows that m? +n? < 3mn and therefore 


the inequality is obviously true. The proof of this case is finished. 


Because y = 


We have the desired result. The equality holds for unexpected cases (a,b,c,d) ~ 
(3,1, 1,1) or (a,b, ¢,d) ~ (2 + V3,2+ V3,2 — /3,2— V3) up to permutation. 


V 


Problem 97. Let a,b,c be positive real numbers with sum 3. Prove that 


a ip b it c + 3 
e+e @+4a a?4+b72 


(Pham Kim Hung) 


SOLUTION. After expanding, we can change the inequality into 


Ba +25) a°b+ 3abe > 8a2b?c? + S > ab? + 35° ab? 


eyc cyc eyc eyc 
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Let M =ab+ be+ca and S = (a —b)(a — c)(b — c). According to the identities 


25° a%b =$+43M —3abc ; 


cyc 


25° ab? =SM+3)5 07)? — Mabc; 


cyc 


25 ab’ = Sa(b+e) — 35S ; 


cyc 
the inequality is equivalent to 
4 a4 +115 46M + Mabe > 607b?e? + SM +3 S078? + 35 a3(b +c). 

cyc cyc cyc 

Notice that abe( M + 3) > 6a7b?c?, so we need to prove that A > S(M —11) where 
A=4) a4+6M~3)_07b?-3) a°(b +c) — 3abe 
cyc cyc cyc 

Represent A with the help of some squares as 


3A = 125 a4 + Tabe Y a—5 ab? -7) a(b+0) 


cyc cyc 


>6A= 5 |(120? 4 12b? + 10ab — 7c”) (a — b)?. 


cyc 


Because M < 11, we may assume that S <0 andb>a>c. We will prove 
6A >-66S © 6A > 22(a+b+0c)(a — b)(b—c)(c—a) (x) 
If min(a, b,c) = c = 0 then the problem is proved because 
6A =) (12a? + 126? + 10ab — 7c”)(a — 6)? 
= (12a? + 12b* + 10ab)(a — b)? + (12a? — 7b*)a? + (126? — 7a”)b? 
= 10a7b? + (24a? 4 24b? 4 34ab)(a — b)? 
> 10a7b? + (a? — b*)? > 2V5.41ab(b? — a?) > 22ab(a — b)(a + b). 


Now suppose that min(a,b,c) > 0. Since (x) is homogeneous, we can dismiss the 
condition a +b+ c= 3 but prove (x) for arbitrary positive numbers a, b,c. We realize 
first that if we replace a,b,c witha+t,b+t,c+t then the difference between the two 
sides is increased. Indeed, we will prove that 

S | (12(a+4)?4+-12(b+t)? +10(a+t)(b+t)—7(c4t)?—12(a?+b?)—10ab+7c*)(a—b)? > 66tS, 
cyc 


et eT 
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which is inferred from 
) (17a + 176 — 7e)(a — b)? > 33(a — b)(b — ¢)(c— a) (+x) 
cyc 
Using the same method one more time (replacing a,b,c with a+t,b+t,c+t), we 
only need to examine («*) in case min(a, b,c) = c= 0, or equivalently 
17(a + b)(a — b)* + (17a — 7b)a? + (17b — 7a)b? > 22ab(b — a), 


which is obviously true because 
LHS > 17(a + b)(a — b)? + 10(a + 63) > 24/17.10(a + 6)(a3 + b3)(b — a) > RHS. 
This last step completes the proof. The equality holds for a = b=c= 1. 
V 


Problem 98. Let a,b,c be positive real numbers. Prove that 


I 1 1 1 
go ge 
(2a + b)? ss (2b + c)? 55 (2c+a)? ~ ab+be+ca 


(Pham Kim Hung) 
SOLUTION, After expanding, the inequality becomes 


S(4a°b+ 4a®c—12a*b? + 12a4c* + 5a3b? + +8a4be— 19a°b? c+ 5a2c*b —7a7b*c*) > 0 
cyc 
or 
6 », ab(a? — b? — 2ab + 2ac)? + >_(2a°b — a®b? — 4atbc + 10a3b?c — 7a*b*c*) > 0. 
cyc sym 
It remains to prove that 
2 > a’(b+c)—2 > atp® — 8) atbc+ 10abe } * ab(a + b) — 42a7b*c* > 0. 
eye cyc cyc cyc 
Using the identity 2(a — b)?(b — c)?(e— a)? > 0, we infer that 
2 » a4 (b? + 7) + dabe ) a*(b+c)—4 > a®b® — 12a*b?c? — dabe S~ a*> 0. 
cyc eyc cyc cyc 
Finally, we have to prove that 


2 \~ a® (b+c)+6abe S~ ab(a+b)+2 > ath? > dabc a? +30a7b?c? +2 Ss a4(b?4c”). 


cyc cyc cyc cyc cyc 
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This inequality can be rewritten using square 
Sa(b —c)? + S,(c— a)? + S-(a — b)? > 0, 


where 
Sq = 2be(b? + be + c*) + a3(b + c) — 2abe(b + c) + 6a7be ; 
Sp = 2ca(c? + ca + a”) +B? (c +a) — 2abc(c +a) + 6c7ab ; 
Se = 2ab(a® + ab + b*) + F(a +b) — 2abc(a + b) + 6e7 be ; 
Clearly, S, is non-negative since (applying AM-GM inequality) 


Sq > bc(b+c)? + 6a? be — 2abe(b + c)>2 (v6 — 1) abc(b + c) > 0. 


Similarly, S, and S, are non-negative, so the inequality is completely proved, and we 


are done. The equality holds only fora =b=c. 
V 


Problem 99. Suppose that x1 > £2 > ... > Lm—-1 > Lon > O are real numbers and 


@+a9+...+2an = 2n—1. Find the maximum of the following expression 
P = (xt + 23) (23 + 24). (tana + tn) + 
(Pham Kim Hung) 


SOLUTION. Although it’s very hard to solve this problem directly, we find out unex- 
pectedly that proving the general problem is simpler. In fact, the proposed problem 


is a direct corollary of the following genera] result 
% Suppose that e < x is a positive constant and 2 > x9 >... > Lan) > Lan 2 EDO 
are real numbers satisfying that x1 + x29+...+2en =k = const. The expression 
Py = (2? + 2) (23 + 23)... (z3n_1 + 24,) 
attains the maximum if and only if x1 = ... = Zan—1 and ro, = €. 


We will prove this genera] result by the inductive method. Before performing induc- 
tion steps, we figure out three results (they are built deliberately, not accidentally, 


according to how the induction step progresses. 


Lemma 1. Letx >y>z>t>0 andy+z = 2a then 


(2? + y*)(z? + t?) < (2? + a7) (a? + t?), 


9.0. Problems and Solutions 251 
Proor. Let y=a+6 andz=a-—,6>0,thenz>at+f>a-—f >t. Denote 
f() = |2? + (a+ 6)" [(a-) +2 

then it’s enough to prove that f’() < 0, which is clearly true because 
f'(B) = —22?(a — B) + 2t?(a + B) — 28(a? — 6?) < —20.t + 2t?.2 < 0. 
Lemma 2. Let x > y > z > 0 and (2n— 1)z + 2y = (2n+1)y (n EN, n> 2) then 
22-2 (2 4 y2)(y? 4 22) < 242" (42 4 22), 


PROOF. There exists a real number 6 > 0 for which x = 7+26 andy = y—(2n—1)@. 
Thus, we must have - — (2n — 1)@ > z. Denote 


9(B) = (y+ 28)?" (y — (2n — 1)B)? + (7 + 28)?" ?(y — (2n - 1)8)4 
+ (¥ +28)?" 2? +o(-y + 28)??? (-y — (2n — 1)8)?2?. 


Clearly (8) = x7"? (x? + y*)(y? + z?) and we need to prove that g’() < 0. Indeed 
(in the expression of g’(@), we denote « = 7+ 2@ and y = y— (2n— 1) for a shorter 


presentation, but we still think of them as related to the variable -y) 
g'(B) = 4nz**y? — (4n — 2)2°%y + (4n — 4)?" 3 y* — (8n — 4)2° 78 
+ 4nx?"—122 4 (4n — 4)y?? 3.022? — (4n — 2)n?"-2y2? 
Because x > y > z, we infer that 
4na??~lz? 4 (4n — 4)y?" “3272? — (4n — 2) 2?" yz? 
< 4na??—1 2? — 2g? 2y 9? < Ang? ly? — 9g72n—-2y3, 
It suffices to prove that 
8nx?—ly? + (4n — 4)2°"-3y4 < (dn — 2)2°"y + (8n — 2)27"-*y? 
& Anx*y + (2n — 2)y3 < (2n —1)23 4 (4n — 1) zy? 
@ (x—y) [(2n— 1)2? — (2n+ 1)ay + (2n — 2)y"] > 0, 
which ts clearly true because x > y. This ends the proof of the second lemma. 


We also notice that lemma 2 is still true for n = 1 (the solution if n = 1 is much 


simpler than the proof for the general case n > 2, so I will not show it here). 


